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Regularity properties of infinite-dimensional
Lie groups, and semiregularity
Helge Glo¨ckner
Abstract
Let G be a Lie group modelled on a locally convex space, with Lie
algebra g, and k ∈ N0∪{∞}. We say that G is C
k-semiregular if each
γ ∈ Ck([0, 1], g) admits a left evolution Evol(γ) ∈ Ck+1([0, 1], G). If,
moreover, the map evol : Ck([0, 1], g) → G, γ 7→ Evol(γ)(1) is smooth,
then G is called Ck-regular. For G a Ck-semiregular Lie group and
m ∈ N0 ∪ {∞}, we show that evol : C
k([0, 1], g) → G is Cm if and
only if
Evol : Ck([0, 1], g) → Ck+1([0, 1], G)
is Cm. If evol is continuous at 0, then evol is continuous. If G is a C0-
semiregular Lie group, then continuity of evol implies its smoothness
(so that G will be C0-regular), if smooth homomorphisms from G to
C0-regular Lie groups separate points on G and g is (e.g.) sequen-
tially complete. Further criteria for regularity properties are pro-
vided, and used to prove regularity for several important classes of
Lie groups. In particular, we show that Diff(M) is C1-regular for
each paracompact finite-dimensional smooth manifold M (which need
not be σ-compact). We also provide tools which enable the proof of
C1-regularity for the Lie group Diffω(M) of analytic diffeomorphisms
of a real analytic compact manifold M .
Introduction and statement of the results
Let G be a Lie group modelled on a locally convex space (with neutral
element e and Lie algebra g := L(G) := Te(G)), as in [10], [24], and [35] (cf.
[33] for the case of sequentially complete modelling spaces). Given g ∈ G,
we use the tangent map of the left translation λg : G→ G, x 7→ gx to define
g.v := (Txλg)(v) ∈ Tgx(G) for x ∈ G, v ∈ Tx(G).
Let k ∈ N0∪{∞}. We say that a Lie group G is C
k-semiregular if the initial
value problem
η′(t) = η(t).γ(t), η(0) = e
1
has a (necessarily unique) solution Evol(γ) := η ∈ Ck+1([0, 1], G) for each
γ ∈ Ck([0, 1], g). If G is Ck-semiregular and the map
evol : Ck([0, 1], g)→ G, γ 7→ η(1) = Evol(γ)(1)
is smooth, then the Lie group G is called Ck-regular (compare [35]; cf. also
[21], where this property is referred to as strong Ck-regularity). Let
Ck+1∗ ([0, 1], G) := {γ ∈ C
k+1([0, 1], G) : γ(0) = e},
endowed with the Lie group structure recalled in 1.9. For G a Ck-semiregular
Lie group and m ∈ N0 ∪ {∞}, we show that evol : C
k([0, 1], g)→ G is Cm if
and only if Evol : Ck([0, 1], g)→ Ck+1([0, 1], G) is Cm (see Lemma 3.1). This
implies:
Theorem A If G is a Ck-regular Lie group, then the map
Evol : Ck([0, 1], g)→ Ck+1∗ ([0, 1], G)
is a C∞-diffeomorphism. In particular, Evol : Ck([0, 1], g) → Ck+1([0, 1], G)
is a smooth mapping.
A Lie group is called regular if it is C∞-regular (see [35]; cf. [33] for the
sequentially complete case, and [28] for corresponding notions in the conve-
nient setting of analysis).1 The special case k = ∞ of Theorem A (i.e., the
special case of regular Lie groups) is known; see [37, Lemma A.5 (1)]. We
recall that the modelling space of a regular Lie group is necessarily Mackey
complete (see [35, Remark II.5.3 (b)]). We refer to [27, 2.14] for the definition
of Mackey completeness. Let r ∈ N∪{∞}. It is known that a locally convex
space E is Mackey complete if and only if the weak integral
∫ 1
0
γ(t) dt exists
in E for each Cr-curve γ : [0, 1] → E (cf. [27, 2.14]). The additive group of
a locally convex space E is regular if and only if E is Mackey complete [35,
Proposition II.5.6].
Let us say that a Lie group is 1-connected if it is connected and simply
connected. Consider the following statements:
1Compare also [38] for an earlier concept of regularity in Fre´chet-Lie groups, which is
stronger than C0-regularity.
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(a) If H is a 1-connected Lie group, G a Lie group and φ : L(H) → L(G)
a continuous Lie algebra homomorphism, then there is a smooth group
homomorphism Φ: H → G with L(Φ) = φ (where L(Φ) := T1(φ)).
(b) If G and H are 1-connected Lie groups such that L(G) ∼= L(H) as a
topological Lie algebra, then G ∼= H as a Lie group.
(c) If G is a 1-connected abelian Lie group, then G ∼= E/Γ for the additive
group (E,+) of some locally convex space E and some discrete additive
subgroup Γ ⊆ E.
(d) For each v ∈ L(G), there is a smooth homomorphism γv : (R,+) → G
such that γ′v(0) = v.
It is well-known that (a) holds if G is regular, whence (b) holds if G and
H are regular (see Theorem III.1.5 and Corollary III.1.6 in [35]; cf. [33] for
the sequentially complete case). If G is regular, the preceding implies (c)
(as in [34, Remark 3.13]; cf. [32] for an analogous result in the convenient
setting). Finally, (d) is a well-known consequence of regularity of G (because
γv = Evol(t 7→ v); see [35, Remark II.5.3 (a)] or [33]). As our second result,
we show that all of these familiar facts become false for suitable non-regular
Lie groups modelled on non-Mackey complete spaces.
Theorem B. All of the preceding statements (a), (b), (c) and (d) are false
for suitable examples of 1-connected abelian Lie groups G and H modelled
on non-Mackey complete spaces, and the counterexample for (d) can be cho-
sen such that L(G) 6= {0} and γv exists for no non-zero vector v ∈ L(G).
Moreover, there is a connected infinite-dimensional Lie group K1 such that
the only group homomorphism (R,+)→ K1 is the trivial map t 7→ e.
The negative answer to (b) answers a problem by Neeb [35, Problem II.3].
Whether Mackey-completeness or sequential completeness of the modelling
spaces suffices for a positive answer, without the assumption of regularity (as
originally asked by Milnor) remains unknown.
Let us say that a locally convex space E is integral complete if the weak
integral
∫ 1
0
γ(t) dt exists in E, for each continuous path γ : [0, 1] → E. It
is known that this property is equivalent to the metric convex compactness
property, meaning that the closed convex hull of every metrizable compact
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subset K ⊆ E is compact [45]. Varying Remark II.5.3 (b) and Proposi-
tion II.5.6 from [35], we also show:
Theorem C.
(a) Each C0-regular Lie group has an integral complete modelling space.
(b) The additive group of a locally convex space E is a C0-regular Lie group
if and only if E is integral complete.
(c) The additive group of a locally convex space E is a C1-regular Lie group
if and only if E is Mackey complete.
(d) There is a Lie group which is C1-regular but not C0-regular.
Usually, the Ck-regularity of a given Lie group G is established in two steps:
In the first step, one shows that each γ ∈ Ck([0, 1], g) has an evolution, i.e.,
that G is Ck-semiregular. In the second step, one shows that evol (or Evol)
is smooth. The following three results are intended to simplify (or enable)
the second step.
Theorem D. Let G be a Lie group which is Ck-semiregular for some k ∈
N0 ∪ {∞}. If evol : C
k([0, 1], g) → G is continuous at 0 (or at any other
point), then evol is continuous.2
Theorem E. Let G be a Lie group which is Ck-semiregular for some k ∈
N0 ∪ {∞}. If evol : C
k([0, 1], g)→ G is C1, then evol is smooth.
Theorem F. Let G be a C0-semiregular Lie group whose Lie algebra L(G)
is integral complete. If evol : C0([0, 1], g)→ G is continuous and there exists
a point-separating family (αj)j∈J of smooth homomorphisms αj : G→ Hj to
C0-regular Lie groups Hj, then G is C
0-regular.
For example, the final condition is satisfied if there exists an injective smooth
homomorphism
α : G→ H
from G to a C0-regular Lie group H .
Let m ∈ N0∪{∞}. We say that a subgroup H of a Lie group G (modelled on
2Hence also Evol: Ck([0, 1], g)→ Ck+1([0, 1], G) is continuous, by Lemma 3.1.
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a locally convex space) is Cm-initial in G if H admits a Lie group structure
with the following properties:
(a) The inclusion map ι : H → G is a smooth homomorphism;
(b) L(ι) is injective;
(c) For each map f : X → H from a Cm-manifold X (with or without
boundary) to H , the map f is Cm as a map to H if and only if f is
Cm as a map to G.
For example, an ordinary Lie subgroup H ⊆ G is Cm-initial for each m ∈
N0 ∪ {∞}, if H is modelled on a closed vector subspace of the modelling
space of G.
Also the following tool (announced in slightly weaker form in [22]) is useful.
Theorem G. Let G be a Lie group and H ⊆ G be a subgroup such that
H = {x ∈ G : (∀j ∈ J) αj(x) = βj(x)}
for families (αj)j∈J and (βj)j∈J of smooth homomorphisms αj , βj : G → Gj
to some Lie groups Gj. Let k ∈ N0 ∪ {∞}.Then the following holds :
(a) If G is Ck-semiregular and H is Cm-initial in G for some m ∈ N∪{∞}
such that m ≤ k + 1, then also H is Ck-semiregular.
(b) If G is Ck-regular and H is Cm-initial in G for some m ∈ N ∪ {∞}
such that m ≤ k + 1, then also H is Ck-regular.
Theorem G (and a variant for local groups) can be used to compare regularity
of a real analytic (local) Lie group G and regularity of a complexification GC.
Moreover, it naturally applies to projective limits of Lie groups and many
other situations (see Section 9).
Known examples of regular Lie groups. We recall that every finite-
dimensional Lie group (and every Banach-Lie group) is C0-regular [35]. Thus
Cℓ(K,H) is C0-regular for each ℓ ∈ N0, Banach-Lie group H and compact
smooth manifold K. The group of compactly supported diffeomorphisms of
a finite-dimensional smooth manifold M (cf. [31]) is C0-regular (as a spe-
cial case of results in [41]; cf. [38] if M is compact). Many more examples
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are known. For instance, countable direct limits of finite-dimensional Lie
groups are C1-regular [17]. Criteria for the C0-regularity and C1-regularity
of ascending unions of Banach-Lie groups can be found in [6]. In the case
of Fre´chet-Lie groups, the notion of C∞-regularity used here is equivalent to
regularity in the sense of convenient differential calculus, as discussed in [27],
[28], [32] and applied there to many Lie groups of that setting.
Application: New examples of regular Lie groups. The techniques
provided in this article can be used to establish regularity properties for the
following examples of Lie groups (partly announced in [22]):
(a) Cℓ(K,H) is Ck-regular, for all k, ℓ ∈ N0 ∪ {∞}, each compact smooth
manifold K and each Ck-regular Lie group H (see Section 12).
(b) In [15], the weak direct product⊕
j∈J
Gj := {(xj)j∈J ∈
∏
j∈J
Gj : xj = e for almost all j ∈ J}
was made a Lie group modelled on the locally convex direct sum⊕
j∈J L(Gj). If J is countable, then the weak direct product is C
k-
regular if each Gj is C
k-regular, and k ∈ N0 is finite (Proposition 11.2).
If J is uncountable and each Gj is C
k-regular with k ∈ N0, then⊕
j∈J Gj is C
k+1-regular (Corollary 13.6).
(c) Using (b) and Theorem G, we see that the test function group Cℓc(M,H)
(see [12], cf. [1] and [31]) is Ck-regular, for all ℓ ∈ N0 ∪ {∞}, k ∈
N0, each σ-compact finite-dimensional smooth manifold M and each
Ck-regular Lie group H (if M is merely paracompact, then Cℓc(M,H)
is Ck+1-regular). Likewise, gauge groups Gauc(P ) are C
k-regular for
suitable principal bundles P → M with structure groupH , and so is the
Lie group Autc(P ) of compactly supported symmetries as constructed
in [42]3 (see Section 12), which is an extension
{1} → Gauc(P )→ Autc(P )→ Diffc(M)P → {1}
for a suitable open subgroup Diffc(M)P ⊆ Diffc(M).
3See already [47] for the case of compact M .
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(d) For H a regular Lie group, Neeb and Wagemann [37] constructed a
regular Lie group structure on C∞(R, H). Let k ∈ N0 ∪ {∞}. Using
a projective limit argument (based on Theorem G), in Example 9.4 we
give short proof for the fact that C∞(R, H) is Ck-regular if H is Ck-
regular (as first shown in [2, Corollary 144] as part of a larger theory).
(e) If H is a finite-dimensional Lie group with compact Lie algebra andW
a suitable set of functions f : R → [0,∞[ (e.g., W = {fa : a > 0 with
fa(t) := e
−a|t|), then a Lie group C∞W (R, H) can be constructed whose
Lie algebra is the weighted function space C∞W(R, L(H)) (see [40]).
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Using Theorem D and applying (d) and Theorem F to the inclusion5
α : C∞W (R, H)→ C
∞(R, H),
one deduces that C∞W (R, H) is C
0-regular (the author, work in progress).
(f) If M is a real analytic manifold modeled on a metrizable locally con-
vex space, M is regular as a topological space, K ⊆ M a compact
non-empty subset and H a real Banach-Lie group, then the group
Germ(K,H) of germs of H-valued real analytic maps around K can be
made a real analytic Lie group (see [7]; the case that X is a metrizable
locally convex space was already treated in [14]). Using complexifi-
cations (as mentioned after Theorem G) and techniques from [6], one
finds that Germ(K,H) is C0-regular and has a real analytic evolution
map Evol (see [7]; the case that M is a Banach space was already
treated in [6]). In particular, the Lie group
Cω(K,H)
of real analytic H-valued maps on a compact real analytic manifold K
is C0-regular with real analytic evolution, for each Banach-Lie groupH .
Also, Germ([−n, n], H) (with M := R) is C0-regular with real analytic
evolution (as another special case).
(g) Varying ideas from [37], the group Cω(R, H) of H-valued real analytic
maps on R can be made a Lie group [7], for each Banach-Lie group H .
Then
Cω(R, H) = lim
←−
Germ([−n, n], H) .
4Note that, in contrast to classical constructions of mapping groups, C∞(R, L(H)) and
C∞
W
(R, L(H)) contain unbounded functions.
5Or to the family (αt)t∈R of point evaluations αt : C
∞
W
(R, H)→ H , αt(γ) := γ(t).
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Combining (f) with a projective limit argument based on Theorem G,
it is shown in [7] that Cω(R, H) is C0-regular.
(h) The Lie group Diffω(M) of real analytic diffeomorphisms of a compact
real analytic manifold M is C1-regular (Corollary 15.7). Indeed, we
have a general result ensuring C1-regularity for suitable Lie groups
modelled on Silva-spaces (Proposition 15.5); Dahmen and Schmed-
ing [8] were able to verify the hypotheses of the proposition.
Weakened topologies (like the L1-topology on C([0, 1], g)) play a role in some
of our arguments, and paved the way for the study of measurable regularity
properties (like L1-regularity based on L1-curves γ : [0, 1]→ g) in subsequent
work [23].
1 Preliminaries and notation
We write N := {1, 2, . . .} and N0 := N ∪ {0}. All locally convex spaces
are assumed Hausdorff. The terms “Lie group” and “manifold” refer to Lie
groups and manifolds modelled on locally convex spaces, as in [10], [24] and
[35]. The notion of Ck-map between locally convex spaces is that of Keller’s
Ckc -theory (see [10], [31], [33], [35] for expositions in varying generality), as
extended in [24] to the case of maps on subsets of locally convex spaces which
have dense interior and are locally convex (i.e., each point has a relatively
open, convex neighbourhood):
1.1 Let E and F be locally convex spaces, r ∈ N0 ∪ {∞} and U ⊆ E be
a subset. If U is open, then a map f : U → F is called Cr if the iterated
directional derivatives
dif(x, v1, . . . , vi) := (Dvi · · ·Dv1f)(x)
exist for all i ∈ N0 with i ≤ r and x ∈ U , v1 . . . , vi ∈ E, and d
if : U×Ei → F
is continuous. If U ⊆ E is a locally convex subset with dense interior U0,
we say that f : U → F is Cr if f |U0 is C
r and the maps di(f |U0) admit a
continuous extension dif : U ×Ei → F for each i as before. It is known that
f is Cr+1 if and only if f is C1 and df is Cr.
1.2 In [24], one finds the concept of a Cr-manifold M with rough boundary,
modelled on a locally convex space E. In contrast to an ordinary manifold,
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the charts φ : U → V of such M are Cr-diffeomorphisms from an open subset
U of M to a locally convex subset V ⊆ E with dense interior. Manifolds
with Cr-boundary or corners are obtained as special cases.
We shall also need Cr,s-maps (as developed in [2] and [3]):
1.3 Let E1, E2 and F be locally convex spaces, r, s ∈ N0∪{∞} and U ⊆ E1,
V ⊆ E2 be subsets. If U and V are open, then a map f : U × V → F is
called Cr,s if the iterated directional derivatives
di,jf(x, y, v1, . . . , vi, w1, . . . , wj) := (D(vi,0) · · ·D(v1,0)D(0,wj) · · ·D(0,w1)f)(x, y)
exist for all i, j ∈ N0 with i ≤ r, j ≤ s and (x, y) ∈ U × V , v1 . . . , vi ∈ E1,
w1, . . . , wj ∈ E2, and the map
di,jf : U × V × Ei1 ×E
j
2 → F (1)
so obtained is continuous. If U and V are merely locally convex subsets with
dense interior, we say that f is Cr,s if f |U0×V 0 is C
r,s and each of the maps
di,j(f |U0×V 0) has a continuous extension to a mapping as in (1).
1.4 We recall from [3]:
(a) A mapping to a (finite or infinite) product of locally convex spaces is
Cr,s if and only if all of its components are Cr,s.
(b) If g is a Cr+s-map and f a Cr,s-map taking its values in the domain
of g, then also g ◦ f is Cr,s.
(c) If f is a Cr,s-map, g1 a C
r-map and g2 a C
s-map such that g1×g2 takes
its values in the domain of f , then f ◦ (g1 × g2) is C
r,s.
(d) If E1, E2 and F are locally convex spaces, U ⊆ E1 a locally convex
subset with dense interior and f : U × E2 → F a C
r,0-map such that
f(x, .) : E2 → F is linear for each x ∈ U , then f is C
r,∞.
(e) If E1, E2 and F are locally convex spaces, U ⊆ E1 and V ⊆ E2 locally
convex subsets with dense interior and f : U × V → F a Cr-map, then
f is Cr,0 and C0,r.
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(f) If E1, E2 and F are locally convex spaces, U ⊆ E1 and V ⊆ E2 locally
convex subsets with dense interior and f : U × V → F is Cr,s, then
f∨(x) := f(x, .) : V → F is a Cs-map for each x ∈ U , and the map
f∨ : U → Cs(V, F ) is Cr.
The following is obvious:
(g) If E1, E2 and F are locally convex spaces, U ⊆ E1 and V ⊆ E2 locally
convex subsets with dense interior and g : E2 ⊇ V → F is C
s, then
f : U × V → F , f(x, y) := g(y) is C∞,s.
1.5 If M1, M2 and N are smooth manifolds modelled on locally convex
spaces (possibly with rough boundary) and r, s ∈ N0 ∪ {∞}, then a map
f : M1 ×M2 → N is called C
r,s if it is continuous and
φ ◦ f ◦ (φ1 × φ2)
−1 is Cr,s (2)
for all charts φ1 : U1 → V1, φ2 : U2 → V2 and φ : U → V of M1, M2 and N ,
respectively, such that
f(U1 × U2) ⊆ U. (3)
1.6 In view of 1.4 (b) and (c), f is Cr,s if and only if for all (p1, p2) ∈M1×M2,
there exist φ1, φ2 and φ with (2) and (3) such that p1 ∈ U1 and p2 ∈ U2.
1.7 If f : M1×M2 → N (as in 1.5) is C
r,s, then f∨(p1) := f(p1, .) : M2 → N
is Cs for each p1 ∈M1.
To see this, let p2 ∈ M2 and pick charts φ1, φ2 and φ with p1 ∈ U1 and
p2 ∈ U2 as in 1.6. Thus g := φ ◦ f ◦ (φ1 × φ2)
−1 : V1 × V2 → V is a C
r,s-
map. Then g∨(φ1(p1)) : V2 → V is C
s, by 1.4 (f). As a consequence, also
f∨(p1)|U2 = φ
−1 ◦ g∨(φ1(p1))◦φ2 is C
s. Since p2 was arbitrary, it follows that
f∨(p1) is C
s.
1.8 If G is a Lie group and r ∈ N0 ∪ {∞}, then also C
r([0, 1], G) is a Lie
group, as is well known. If φ : U → V ⊆ E is a chart for G such that e ∈ U
and φ(e) = 0, then Cr([0, 1], U) is open in Cr([0, 1], G), the set Cr([0, 1], V ) is
open in Cr([0, 1], E), and the map φ∗ : C
r([0, 1], U)→ Cr([0, 1], V ), γ 7→ φ◦γ
is a C∞-diffeomorphism (see, e.g., [24]; cf. [12]).
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1.9 Note that Cr∗([0, 1], E) := {γ ∈ C
r
∗([0, 1], E) : γ(0) = 0} is a closed
vector subspace of Cr∗([0, 1], E) in the preceding situation. Since φ∗ takes
Cr([0, 1], U) ∩ Cr∗([0, 1], G) onto C
r([0, 1], V ) ∩ Cr∗([0, 1], E), we see that
Cr∗([0, 1], G) is a Lie subgroup of C
r([0, 1], G) modelled on the closed vec-
tor subspace Cr∗([0, 1], E). This implies that a map to C
r
∗([0, 1], G) is smooth
if and only if it is smooth as a map to Cr([0, 1], G) (cf. [4, Lemma 10.1]).
1.10 If H ⊆ G is a Lie subgroup modelled on a closed vector subspace, then
so is Cr([0, 1], H) ⊆ Cr([0, 1], G) (entailing that a map to Cr([0, 1], H) is
smooth if and only if it is smooth as a map to Cr([0, 1], G)).
In fact, the chart φ in 1.8 can be chosen such that φ(H ∩ U) = F ∩ V for
some closed vector subspace F ⊆ E. Since φ∗ takes C
r([0, 1], U)∩Cr([0, 1], H)
onto Cr([0, 1], V ) ∩ Cr([0, 1], F ), we see that Cr([0, 1], H) is a Lie subgroup
modelled on the closed vector subspace Cr∗([0, 1], F ).
1.11 Let G be a Lie group and µ : G×G→ G be the group multiplication.
Then TG is a Lie group with respect to the multiplication
Tµ : T (G×G)→ TG,
identifying the left hand side with TG× TG. The zero section θ : G→ TG,
g 7→ 0 ∈ Tg(G) is a smooth group homomorphism, and actually an isomor-
phism onto a Lie subgroup modelled on a closed vector subspace. Hence also
θ∗ : C
r([0, 1], G) → Cr([0, 1], TG), γ 7→ θ ◦ γ is an isomorphism onto such
a Lie subgroup, by 1.10. Likewise, the inclusion map α : L(G) → TG is an
isomorphism onto a Lie subgroup modelled on a closed vector subspace, and
hence so is α∗ : C
r([0, 1], L(G)) → Cr([0, 1], TG), γ 7→ α ◦ γ. This will be
useful later.
1.12 IfM is a manifold, E a locally convex space and f : M → E a C1-map,
we identify TE with E × E as usual and let df : TM → E be the second
component of Tf : TM → E × E. Thus Tf(v) = (f(p), df(v)) if v ∈ TpM .
1.13 Recall that the left logarithmic derivative δℓ(η) : [0, 1] → g of a C1-
curve η : [0, 1]→ G in a Lie group G is defined via
δℓ(η)(t) := η(t)−1.η′(t) for t ∈ [0, 1].
Thus η = Evol(γ) if and only if δℓ(η) = γ and η(0) = e.
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1.14 If η ∈ C1([0, 1], G) with δℓ(η) = γ ∈ Ck([0, 1], G), then η ∈ Ck+1([0, 1], G)
by a simple induction on k, using that η′ = η.γ = Tµ ◦ (θ ◦ η, α ◦ γ) (with
µ, θ, α as in 1.11) is Ck if η is Ck.
The following three facts are well known and easy to check.
1.15 If G is a Lie group and γ ∈ C0([0, 1], g) has an evolution Evol(γ) ∈
C1∗([0, 1], G), then also γs : [0, 1] → g, γs(t) := γ(st) has an evolution for for
each s ∈ [0, 1], given by
Evol(γs)(t) = Evol(γ)(st) for all t ∈ [0, 1].
In particular,
Evol(γ)(s) = evol(sγs).
This follows from d
dt
Evol(γ)(st) = sEvol(γ)(st).γ(st).
1.16 If α : G → H is a smooth homomorphism between Lie groups and
η ∈ C1([0, 1], G), then
δℓ(α ◦ η) = L(α) ◦ δℓ(η).
Hence, if γ ∈ C0([0, 1], L(G)) such that Evol(γ) ∈ C1∗([0, 1], G) exists, then
the evolution of L(α) ◦ γ ∈ C0([0, 1], L(H)) exists and is given by
Evol(L(α) ◦ γ) = α ◦ Evol(γ) ∈ C1([0, 1], H).
1.17 If α : G→ H is a smooth homomorphism between Lie groups, then
α(AdG(g).x) = AdH(α(g)).L(α)(x)
for all g ∈ G and x ∈ L(G).
1.18 Given a Lie group G and g ∈ G, we consider the right translation
ρg : G→ G, x 7→ xg and define
v.g := Tρg(v) for v ∈ TG.
The right logarithmic derivative of a C1-curve γ : [0, 1]→ G is the continuous
curve δr(γ) : [0, 1] → g, δr(γ)(t) := γ′(t).γ(t)−1. It determined γ up to
multiplication with a group element on the right.
We shall use the same notation for logarithmic derivatives and evolution
maps for curves defined on non-degenerate intervals J ⊆ R (in place of [0, 1])
such that 0 ∈ J .
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2 Auxiliary results
We first establish differentiability properties for some relevant maps.
Lemma 2.1 Let G be a Lie group and k ∈ N0 ∪ {∞}. Then the map
D : Ck+1([0, 1], G)→ Ck([0, 1], TG), γ 7→ γ′
is a smooth group homomorphism, and also the following map is smooth:
δℓ : Ck+1([0, 1], G)→ Ck([0, 1], L(G)), γ 7→ δℓ(γ).
Proof. Let E be the modelling space for G. The map
DE : C
k+1([0, 1], E)→ Ck([0, 1], E), γ 7→ γ′
is continuous linear (see [3]; cf. also [16, Lemma A.1 (d)]). If µ : G×G→ G
is the group multiplication in G, then the map (γ, η) 7→ γη = µ ◦ (γ, η)
is the multiplication in Ck+1([0, 1], G). Now (γη)′(t) = Tµ(γ′(t), η′(t)) for
γ, η ∈ Ck+1([0, 1], G) and t ∈ [0, 1]. Hence (γη)′ = Tµ ◦ (γ′, η′), which is the
product of γ′ and η′ in Ck([0, 1], TG). Thus D is a homomorphism of groups,
and hence it will be smooth if we can show its smoothness on the open identity
neighbourhood Ω := Ck+1([0, 1], U) for some chart φ : U → V ⊆ E around e,
with φ(e) = 0. Then φ∗ : C
k+1([0, 1], U) → Ck+1([0, 1], V ) is a chart for
Ck+1([0, 1], G) and (Tφ)∗ : C
k([0, 1], TU) → Ck([0, 1], V × E), γ 7→ (Tφ) ◦ γ
a chart for Ck([0, 1], TG). Since
(Tφ)∗ ◦D|Ω = DE ◦ φ∗
(as Tφ(γ′(t)) = (φ◦γ)′(t)), we see that D|Ω = ((Tφ)∗)
−1 ◦DE ◦φ∗ is smooth.
Hence D is a smooth homomorphism.
Let Λ: Ck+1([0, 1], G) → Ck([0, 1], G) be the inclusion map (which is a
smooth homomorphism), σ : G → G, g 7→ g−1 be the inversion map and
σ∗ : C
k([0, 1], G) → Ck([0, 1], G), γ 7→ σ ◦ γ = γ−1 be the smooth inver-
sion map in Ck([0, 1], G). Let θ : G → TG, α : L(G) → TG as well as
θ∗ : C
k([0, 1], G) → Ck([0, 1], TG) and α∗ : C
k([0, 1], L(G)) → Ck([0, 1], TG)
be as in 1.11. Finally, let
(Tµ)∗ : C
k([0, 1], TG)×Ck([0, 1], TG)→ Ck([0, 1], TG), (γ, η) 7→ Tµ◦(γ, η)
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be the smooth group multiplication of Ck([0, 1], TG). Then
δℓ(γ) = (Tµ)∗(θ∗(σ∗(γ)), D(γ))
for γ ∈ Ck+1([0, 1], G) and thus
α∗ ◦ δ
ℓ = (Tµ)∗ ◦ (θ∗ ◦ σ∗ ◦ Λ, D),
with D as in Lemma 2.2. Thus α∗ ◦ δ
ℓ is smooth, i.e., δℓ is smooth as a map
to Ck([0, 1], TG). Then δℓ is also smooth as a map to Ck([0, 1], L(G)) (see
1.11), which completes the proof. ✷
It will be useful later that the Cr-manifold structure on Ck+1([0, 1], G) is
initial with respect to suitable maps.
Lemma 2.2 Let G be a Lie group, k ∈ N0, r ∈ N0 ∪ {∞},
D : Ck+1([0, 1], G)→ Ck([0, 1], TG), γ 7→ γ′
and ι : Ck+1([0, 1], G) → C([0, 1], G), γ 7→ γ be the inclusion map. If M is
a Cr-manifold and f : M → Ck+1([0, 1], G) a map such that both ι ◦ f and
D ◦ f are Cr, then f is Cr.
Proof. Step 1. Let E be the modelling space of G. Then the map
(ιE , DE) : C
k+1([0, 1], E)→ C([0, 1], E)× Ck([0, 1], E), γ 7→ (γ, γ′)
is linear and a topological embedding with closed image (see [3]; cf. also [16,
Lemma A.1 (d)]). Therefore, a map h : M → Ck+1([0, 1], E) is Cr if and only
if both ιE ◦ h and DE ◦ h are C
r (cf. [4, Lemmas 10.1 and 10.2]).
Step 2. Let a chart φ : U → V ⊆ E for G and the pushforward
φ∗ : C
k+1([0, 1], U)→ Ck+1([0, 1], V ) be as in 1.8.
Each p ∈ M has an open neighbourhood P ⊆ M such that f(q)f(p)−1 ∈ U
for all q ∈ P . As it suffices to show that f |P is C
r, we may assume P = M .
Consider η := f(p)−1 ∈ Ck+1([0, 1], G) and the right translation mappings
ρη : C
k+1([0, 1], G)→ Ck+1([0, 1], G) andRη : C([0, 1], G)→ C([0, 1], G) given
by γ 7→ γη (which are smooth). Then
g := ρη ◦ f : M → C
k+1([0, 1], G)
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is Cr as a function to C([0, 1], G) (as ι◦g = Rη◦ι◦f). Also, D◦g = ρη′ ◦D◦f
is Cr, where we use the smooth right translation map
ρη′ : C
k([0, 1], TG)→ Ck([0, 1], TG), γ 7→ γη′ .
Now h := φ∗ ◦ g : M → C
k+1([0, 1], E) is Cr as a map to C(M,E) (as
ιE ◦h = φ˜∗◦ ι◦g with the C
∞-diffeomorphism φ˜∗ : C([0, 1], U)→ C([0, 1], V ),
γ 7→ φ ◦ γ). Furthermore, DE ◦ h = (dφ)∗ ◦ D ◦ g is C
r, using that
(dφ)∗ : C
k([0, 1], TU) → Ck([0, 1], E) is smooth as it is the second compo-
nent of the chart
(Tφ)∗ : C
k([0, 1], TU)→ Ck([0, 1], TV ) ∼= Ck([0, 1], V )× Ck([0, 1], E).
By Step 1, h is Cr. As a consequence, g is Cr and hence also f . ✷
Lemma 2.3 Let G be a Lie group, k ∈ N0, r ∈ N0 ∪ {∞},
δℓ : Ck+1([0, 1], G)→ Ck([0, 1], L(G)), γ 7→ δℓ(γ)
and ι : Ck+1([0, 1], G) → C([0, 1], G) be the inclusion map. If M is a Cr-
manifold and f : M → Ck+1([0, 1], G) a map such that both ι ◦ f and δℓ ◦ f
are Cr, then f is Cr.
Proof. We show by induction on j = 0, . . . , k that f is Cr as a map to
Cj+1([0, 1], G). The same notation, δℓ, will be used for the corresponding
map Cj+1([0, 1], G) → Cj([0, 1], L(G)). Let µ, θ, α and the pushforwards
θ∗ : C
j([0, 1], G) → Cj([0, 1], TG) and α∗ : C
j([0, 1], L(G)) → Cj([0, 1], TG)
be as in 1.11. If x ∈M , we have D(f(x))(t) = f(x)(t).δℓ(f(x))(t) and hence
D(f(x)) = Tµ ◦ (θ ◦ (f(x)), α ◦ (δℓ(f(x)))), i.e.,
D ◦ f = (Tµ)∗ ◦ (θ∗ ◦ f, α∗ ◦ δ
ℓ ◦ f) (4)
with the smooth group multiplication (Tµ)∗ : C
j([0, 1], TG)×Cj([0, 1], TG)→
Cj([0, 1], TG). If j = 0, then θ∗ ◦ f = θ∗ ◦ ι ◦ f is C
r, whence also D ◦ f is
Cr (by (4)) and hence also f (by Lemma 2.2).
If j > 0, let us make the inductive hypothesis that f is Cr as a map to
Cj([0, 1], G). Then (4) shows that D ◦ f is Cr as a map to Cj([0, 1], TG).
Hence f is Cr as a map to Cj+1([0, 1], G), by Lemma 2.2. ✷
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Lemma 2.4 Let G be a Lie group, k ∈ N0 ∪ {∞} and
δℓ : Ck+1∗ ([0, 1], G)→ C
k
∗ ([0, 1], L(G)) (5)
be left logarithmic differentiation. Let 1 ∈ Ck+1∗ ([0, 1], G) =: P be the con-
stant function t 7→ e. Then, after identifying T1P with C
k+1
∗ ([0, 1], L(G)) in
a suitable way, the tangent map of δℓ at 1 becomes the map
Ck+1∗ ([0, 1], L(G))→ C
k([0, 1], L(G)), γ 7→ γ′ . (6)
Proof. Let U ⊆ G be an open symmetric identity neighbourhood on which
a chart φ : U → V ⊆ L(G) is defined, with φ(e) = 0 and dφ|L(G) = idL(G).
Let µ : G × G → G be the multiplication of G and σ : G → G be inversion.
Then DU := {(g, h) ∈ U×U : gh ∈ U} is an open subset of U×U , and hence
DV := (φ× φ)(DU) is an open subset of V × V . The maps
τ := φ ◦ σ ◦ φ−1 : V → V and
ν := φ ◦ µ ◦ (φ−1 × φ−1) : DV → V
are smooth and (V,DV , ν, 0) is a local group as in [35, Definition II.1.10],
with inverses given by x−1 := τ(x). Consider the restriction
δℓU : C
k+1
∗ ([0, 1], U)→ C
k([0, 1], L(G))
of δℓ from (5) and the map δℓV : C
k+1
∗ ([0, 1], V )→ C
k([0, 1], L(G)) defined via
δℓV (γ)(s) := dν(γ(s)
−1, γ(s); 0, γ′(s))
for γ ∈ Ck+1∗ ([0, 1], V ) and s ∈ [0, 1]. Let φ∗ : C
k+1
∗ ([0, 1], U)→ C
k+1([0, 1], V ),
γ 7→ φ ◦ γ be the pushforward. An elementary calculation shows that
δℓV ◦ φ∗ = δ
ℓ
U . (7)
Since φ∗ is a C
∞-diffeomorphism between open subsets of Ck+1∗ ([0, 1], G) and
Ck+1([0, 1], L(G)), respectively, we deduce from the smoothness of δℓU that
also δℓV is smooth. Applying the Chain Rule to (7) now gives
d(δℓV ) ◦ T1(φ∗) = d(δ
ℓ
U)|T1P . (8)
We claim that
d
dt
∣∣∣
t=0
δℓV (tγ) = γ
′ (9)
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for each γ ∈ Ck+1∗ ([0, 1], L(G)), i.e., dδ
ℓ
V (0, γ) = γ
′. Since also the map
T1(φ∗) : T1P → {0} × C
k+1
∗ ([0, 1], L(G))
∼= Ck+1∗ ([0, 1], L(G)) is an isomor-
phism, we deduce from (8) and (9) that d(δℓ)|T1P is the map in (6), up to
composition with the isomorphism T1(φ∗).
To verify (9), we only need to show that(
d
dt
∣∣∣
t=0
(δℓU(tγ)
)
(s) = γ′(s)
for each s ∈ [0, 1]. The point evaluation at s being continuous linear, the left
hand side coincides with
d
dt
∣∣∣
t=0
(δℓU(tγ)(s)) =
d
dt
∣∣∣
t=0
dν((tγ(s))−1, tγ(s); 0, tγ′(s))
= d(2)ν(0, 0; 0, 0;−γ(s), γ(s))︸ ︷︷ ︸
=0
+dν(0, 0; 0, γ′(s))
= γ′(s),
as required. ✷
Lemma 2.5 Let G be a Lie group, M be a manifold and f : M × [0, 1]→ G
be a Cr,s-map. Then f∨(p) := f(p, .) : [0, 1]→ G is Cs for each p ∈ M , and
the map f∨ : M → Cs([0, 1], G) is Cr.
Proof. The first assertion is a special case of 1.7. To establish the second,
choose a chart φ : U → V of G around e. For p ∈ M , consider the auxiliary
function
g : M × [0, 1]→ G, h(q, t) := f(q, t)f(p, t)−1.
Since g is continuous and g({p} × [0, 1]) = {e}, g−1(U) is an open superset
of the compact set {p} × [0, 1]. By the Wallace Lemma [26, 5.12], there
is an open neighbourhood P ⊆ M such that P × [0, 1] ⊆ g−1(U) and thus
g(P×[0, 1]) ⊆ U . After shrinking P , we may assume that there exists a chart
ψ : P → Q for M . Without loss of generality M = P . Let µ : G×G→ G be
the group multiplication and σ : G → G be inversion. Since f(p, .) : [0, 1] →
G is Cs by 1.7, using 1.4 (g) we deduce that the map
ζ : M × [0, 1]→ G, (q, t) 7→ f(p, t)−1 = σ(f(p, t))
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is Cr,s. Hence g = µ ◦ (f, ζ) is Cr,s, as a consequence of 1.4 (c). Thus
h := φ◦g◦(ψ−1×id[0,1]) is C
r,s. Now 1.4 (f) shows that h∨ : Q→ Cs([0, 1], V )
is Cr. Hence also g∨ = (φ∗)
−1 ◦ h∨ ◦ ψ is Cr, using that the map
φ∗ : C
s([0, 1], U) → Cs([0, 1], V ), γ 7→ φ ◦ γ is a chart for Cs([0, 1], G) and
hence a C∞-diffeomorphism. ✷
Lemma 2.6 Let E be a locally convex space and k ∈ N0 ∪ {∞}. Then
S : Ck([0, 1], E)× [0, 1]→ Ck([0, 1], E),
S(γ, s)(t) := sγ(st) for γ ∈ Ck([0, 1], E), s, t ∈ [0, 1]
is a C∞,0-map.
Proof. Consider the map
h : Ck([0, 1], E)× [0, 1]→ Ck([0, 1], E), (γ, s) 7→ γs
(with γs(t) := γ(st)). Then
S(γ, s) = β(s, h(γ, s)), (10)
using the scalar multiplication β : R×Ck([0, 1], E)→ Ck([0, 1], E), β(r, γ) :=
rγ. Now β is continuous bilinear and hence smooth. Moreover, the map
π : Ck([0, 1], E) × [0, 1] → R, (γ, s) 7→ s is C∞ and hence C∞,0. We claim
that also h is C∞,0. If this is true, then (π, h) is C∞,0 by 1.4 (a). Since
S = β ◦ (π, h) by (10), 1.4 (b) shows that S is C∞,0.
Because h is linear in its first argument, 1.4 (c) applies. Thus, the claim will
hold if we can show that h is C0,0 (i.e., C0). To this end, consider the map
h∧ : (Ck([0, 1], E)× [0, 1])× [0, 1]→ E, h∧(γ, s, t) := γ(st).
Thus h∧(γ, s, t) = ε(γ, st), where ε : Ck([0, 1], E)× [0, 1]→ E, ε(γ, s) := γ(s)
is Ck (see [24], cf. [16, Proposition 11.1]) and hence C0,k. Therefore h = (h∧)∨
is continuous (by 1.4 (e)), as required. ✷
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3 Proof of Theorem A
Lemma 3.1 Let k,m ∈ N0 ∪ {∞} and G be a C
m-semiregular Lie group,
with Lie algebra g := L(G). Then evol : Ck([0, 1], g) → G is Cm if and only
if Evol : Ck([0, 1], g)→ Ck+1([0, 1], G) is Cm.
Proof. If Evol is Cm, then also evol = ev1 ◦Evol is C
m, using that the
evaluation map
ev1 : C
k+1([0, 1], G)→ G, γ 7→ γ(1)
is a smooth homomorphism.
Conversely, assume that evol is Cm.
(i) By Lemma 2.5, Evol : Ck([0, 1], g)→ C0([0, 1], G) will be Cm if we can
show that the map
Evol∧ : Ck([0, 1], g)× [0, 1]→ G, Evol∧(γ, s) := Evol(γ)(s)
is Cm,0 (using that Evol = (Evol∧)∨). However, using the C∞,0-map
S : Ck([0, 1], L(G))× [0, 1]→ Ck([0, 1], L(G)), (γ, s) 7→ sγs
from Lemma 2.6, 1.15 enables us to write
Evol∧(γ, s) = Evol(γ)(s) = evol(S(γ, s)).
Thus Evol∧ = evol ◦S, which is Cm,0 by 1.4 (b) (being a composition of a
C∞-map and a Cm,0-map).
(ii) Now consider the inclusion map ι : Ck+1([0, 1], G)→ C0([0, 1], G) and
the map δℓ : Ck+1([0, 1], G)→ Ck([0, 1], g). Then ι ◦ Evol is Cm (by (i)) and
δℓ ◦ Evol is the identity map Ck([0, 1], g) → Ck([0, 1], g) and hence Cm as
well. Therefore Evol : Ck([0, 1], g)→ Ck+1([0, 1], G) is Cm, by Lemma 2.3. ✷
Proof of Theorem A. By 1.9, Evol is also smooth when regarded as a map
Evol : Ck([0, 1], g)→ Ck+1∗ ([0, 1], G). (11)
Also the map δℓ : Ck+1([0, 1], G) → Ck(0, 1], g) is smooth (by Lemma 2.1),
and so is its restriction
δℓ : Ck+1∗ ([0, 1], G)→ C
k([0, 1], g). (12)
Because the mappings in (11) and (12) are mutually inverse, we conclude
that they are C∞-diffeomorphisms. The proof is complete. ✷
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4 Proof of Theorem B
Consider the algebra P = R[X ] of polynomial functions on [0, 1] and its
multiplicative subset S := {s ∈ P : s([0, 1]) ⊆ R×}. Then
A := PS−1 = {p/s : p ∈ P, s ∈ S}
is a unital subalgebra of the Banach algebra C[0, 1] of continuous real-valued
functions on [0, 1] (and we endow A with the induced topology). As shown in
[11, §6], A has an open group A× of invertible elements and A× is a smooth
(and even analytic) Lie group. Note that H := {a ∈ A : a(0) = 0} is a closed
non-unital subalgebra of A. Now consider the subgroup
K := {a ∈ A× : a(0) = 1}
of A×. The map φ : A× → A× − {1}, a 7→ a − 1 is a global chart for the
manifold A×, which takes K onto (A× − 1) ∩H . Hence K is a submanifold
of A× modelled on H and hence a Lie (sub)group. We let G be the 1-
connected covering Lie group of the connected component K1 of 1 in K, and
q : G→ K1 be the universal covering homomorphism. We identify L(G) with
L(K1) by means of L(q), and L(K1) with H by means of the isomorphism
dφ|L(K1). We now verify that G and H provide counterexamples for all of the
statements (a)–(d) discussed in Theorem B.
First, we show that K1 has the property described at the end of Theorem B.
To this end, let γ : (R,+) → K1 be a homomorphism of groups. Since K1
is a subgroup of A×, [11, Proposition 6.1] shows that im(γ) ⊆ R×1. Then
im(γ) ⊆ (R×1) ∩K = {1}, whence γ = 1 indeed.
(d) Let γ : (R,+) → G be a homomorphism of groups. Then q ◦ γ = 1, as
just observed. Hence im(γ) is a subgroup of ker(q) and hence discrete. If we
assume that γ is continuous, then im(γ) is connected. Being also discrete, it
must be {e}. Hence γ = e.
(c) If G was isomorphic to E/Γ as a Lie group with a locally convex space E
and discrete subgroup Γ ⊆ E, then E (like G) would be infinite-dimensional.
Hence a non-zero vector v ∈ E exists, and provides a non-constant smooth
homomorphism R → E, t 7→ tv, corrresponding to a non-constant smooth
homomorphism R → G. But we have just seen that G does not admit non-
trivial continuous one-parameter groups, contradiction.
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(b) The Lie algebras of both (H,+) and G can be identified with the locally
convex space H (with the zero Lie bracket). Both G and H are 1-connected,
but they cannot be isomorphic because H has many non-constant smooth
one-parameter groups (of the form t 7→ tv with non-zero v ∈ H) while H has
none.
(a) The Lie algebra homomorphism idH : H → H cannot integrate to a
smooth homomorphism Φ: (H,+) → G, because for non-zero v ∈ H the
map γv : R → G, t 7→ Φ(tv) then would be a smooth homomorphism with
γ′v(0) = L(Φ)(v) = v 6= 0 and thus γv 6= e, contradicting the above. This
completes the proof of Theorem B. ✷
Remark 4.1 The author does not know whether K1 in Theorem B can be
chosen connected and simply connected. In particular, he was not able to
show that K1 can be replaced by the Lie group G just discussed.
5 Proof of Theorem C
(a) Let G be a Ck-regular Lie group with k = 0 and P := Ck+1∗ ([0, 1], G).
Since δℓ : Ck+1∗ ([0, 1], G)→ C
k([0, 1], L(G)) is a diffeomorphism with inverse
Evol : Ck([0, 1], L(G))→ Ck+1∗ ([0, 1], G), the differential
d(δℓ)|T1P : T1P → C
k([0, 1], L(G))
(which coincides with d(δℓU)|T1P ) is an isomorphism. Since also T1(φ∗) is an
isomorphism, we deduce from (8) and (9) (applied with k = 0) that the map
D : Ck+1∗ ([0, 1], L(G))→ C
k([0, 1], L(G)), γ 7→ γ′
is an isomorphism and hence surjective. Recalling that k = 0, we see that
L(G) is integral complete.
(b) If (E,+) is C0-regular, then E is integral complete, by (a). Conversely,
suppose that E is integral complete. Then the weak integral η(t) :=
∫ t
0
γ(s) ds
exists in E for each γ ∈ C([0, 1], E) and t ∈ [0, 1], and η : [0, 1] → E so ob-
tained is a C1-map such that η(0) = 0 and δℓη = η′ = γ (by the Fundamental
Theorem of Calculus, [24]) and thus η = Evol(γ). Now evol : C([0, 1], E) →
E, γ 7→
∫ 1
0
γ(s) ds is linear, and its continuity (and hence smoothness) fol-
lows from the estimate p(
∫ 1
0
γ(s) ds) ≤ sup{p(γ(s)) : s ∈ [0, 1|}, valid for each
continuous seminorm p on E and γ ∈ C([0, 1], E).
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(c) If (E,+) is C1-regular, it is regular and thus E is Mackey complete,
by [35, Remark II.5.3 (b)]. Conversely, suppose that E is Mackey complete.
Then the weak integral η(t) :=
∫ t
0
γ(s) ds exists in E for each γ ∈ C1([0, 1], E)
and t ∈ [0, 1], and we conclude as in the proof of (b) that (E,+) is C1-regular.
(d) According to [43, p. 267], the Example 4.6.110 on p. 244 in [46] fur-
nishes a locally convex space E which is Mackey complete but does not have
the metric convex compactness property. Thus E fails to be integral com-
plete, and hence (E,+) is a Lie group which is C1-regular (by (c)) but not
C0-regular (by (b)). ✷
Remark 5.1 The proof of Theorem C(a) remains intact if we assume in-
stead thatG is Ck-semiregular for some k ∈ N0∪{∞} and evol : C
k([0, 1], g)→
G (and hence also Evol : Ck([0, 1], g)→ Ck+1∗ ([0, 1], G)) is C
1. If we identify
L(Ck+1∗ ([0, 1], G)) with C
k+1([0, 1], g) using d(φ∗)|T1P , the conclusion is that
(dδℓ)|T1P is the bijective map γ 7→ γ
′ whose inverse yields a map
T0 Evol : C
k([0, 1], g)→ Ck+1([0, 1], g) (13)
taking each γ ∈ Ck([0, 1], g) to a primitive. Now consider evol : Ck([0, 1], g)→
G. Evaluating at t = 1, we deduce from (13) that T0 evol is given by
Ig := T0 evol : C
k([0, 1], g)→ g, γ 7→
∫ 1
0
γ(s) ds; (14)
notably, the indicated weak integral exists. This will be useful later, in the
proof of Theorem E (i.e., Proposition 6.2).
6 Proofs for Theorems D and E
Let G be a Lie group with Lie algebra g. If γ, η ∈ C1([0, 1], G), then we have
δℓ(γη)(t) = Ad(η(t))−1δℓ(γ)(t) + η(t) for all t ∈ [0, 1]
(or δℓ(γη) = Ad(η)−1.δℓ(γ) + η, in short) and
δℓ(γη−1) = Ad(η)(δℓ(γ)− δℓ(η))
(with (γη)(t) := γ(t)η(t) and γ−1(t) := γ(t)−1). If k ∈ N0 ∪ {∞} and G
is Ck-semiregular with evolution Evol : Ck([0, 1], g) → Ck+1([0, 1], G), then
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Evol : Ck([0, 1], g) → Ck+1∗ ([0, 1], G) is a bijection whose inverse is the map
δℓ : Ck+1∗ ([0, 1], G)→ C
k([0, 1], g). We define, for γ, η ∈ Ck([0, 1], g),
γ ∗ η := Ad(Evol(η))−1γ + η. (15)
Then Ck([0, 1], g) becomes a group with multiplication ∗ and the mapping
Evol : Ck([0, 1], g) → Ck+1∗ ([0, 1], G) becomes an isomorphism of groups (by
the preceding calculations). Moreover,
γ ∗ η−1 = Ad(Evol(η))(γ − η). (16)
Using the identity map id from the group Ck([0, 1], g) to the locally convex
space Ck([0, 1], g) as a global chart, we consider Ck([0, 1], g) as a smooth
manifold. Note that ρη(γ) := γ ∗ η := Ad(Evol(η))
−1.γ + η is an affine-linear
function of γ for fixed η. Moreover, ρη is continuous (as we presently verify).
Thus ρη is smooth, with differential
dρη(γ, γ1) = Ad(Evol(η))
−1γ1 = γ1 ∗ η − η. (17)
Likewise,
dρη−1(γ, γ1) = Ad(Evol(η))γ1 = (γ1 + η) ∗ η
−1. (18)
Since ρη−1 and ρη are mutually inverse mappings, we see that the right
translation ρη : C
k([0, 1], g) → Ck([0, 1], g) is a C∞-diffeomorphism for each
η ∈ Ck([0, 1], g). In particular, each ρη is a homeomorphism.
Since Evol is a homomorphism of groups and so is the point evaluation
ev1 : C
k+1([0, 1], G)→ G, γ 7→ γ(1), we observe that also evol : Ck([0, 1], g)→
G is a homomorphism with respect to ∗.
To establish the continuity of ρη asserted above, consider the map
h : [0, 1]× g→ g, h(t, y) := Ad(Evol(η)(t))y + η(t)
which is Ck+1,0 by 1.4 (c) and (g). Then ρη coincides with the map
h∗ : C
k([0, 1], g)→ Ck([0, 1], g), γ 7→ h∗(γ)
with h∗(γ)(t) := h(t, γ(t)), which is continuous by [12, Proposition 3.10]
(which holds just as well for non-open domains).
Proof of Theorem D. Let γ, η ∈ Ck([0, 1], g) and assume that the map
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evol : Ck([0, 1], g) → G is continuous at η. For each g ∈ G, the right trans-
lation ρGg : G → G, x 7→ xg is a homeomorphism. Since evol is a homomor-
phism, we have evol = ρGevol(η−1∗γ) ◦ evol ◦ργ−1∗η. As ργ−1∗η takes γ to η and
is continuous, we see that evol is continuous at γ if it is continuous at η. ✷
Proof of Theorem E. The following observation will be used:
Lemma 6.1 Let k ∈ N. If f : M → N is a C1-map between Ck+1-manifolds
such that Tf : TM → TN is Ck, then f is Ck+1.
Proof. After composing with charts and inverses of charts, we may assume
that M and N are open subsets of locally convex spaces. By the hypotheses,
f is C1 and df (being the second component of Tf) is Ck. So f is Ck+1. ✷
Now Theorem E is subsumed by the following proposition.
Proposition 6.2 Let k ∈ N0 ∪ {∞} and G be a C
k-semiregular Lie group.
(a) If the map evol : Ck([0, 1], g) → G is continuous, then (Ck([0, 1], g), ∗)
is a topological group.
(b) If evol : Ck([0, 1], g) → G is C1, then evol is C∞ and (Ck([0, 1], g), ∗)
is a Lie group.
Proof. The map
h : G× g× g→ g, (x, y, z) 7→ Ad(x).y + z
is smooth, entailing that the map
Ck([0, 1], h) : Ck([0, 1], G)× Ck([0, 1], g)× Ck([0, 1], g)→ Ck([0, 1], g),
(θ, γ, η) 7→ h ◦ (θ, γ, η) is smooth (see [12, Lemma 3.4 and Proposition 3.10],
which hold just as well for manifolds with boundary). For η ∈ Ck([0, 1], g),
we have
γ ∗ η−1 = Ad(Evol(η)).γ + η = Ck([0, 1], h)(Evol(η), γ, η). (19)
(a) If evol : Ck([0, 1], g) → G is continuous, then the evolution map
Evol : Ck([0, 1], g) → Ck+1([0, 1], G) is continuous (by Lemma 3.1). Com-
bining this with (19), we see that the map
Ck([0, 1], g)× Ck([0, 1], g)→ Ck([0, 1], g), (γ, η) 7→ γ ∗ η (20)
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is continuous. Thus (Ck([0, 1], g), ∗) is a topological group.
(b) We first note that if evol is Cm for some m ∈ N0 ∪ {∞}, then also
Evol : Ck([0, 1], g)→ Ck+1([0, 1], G) is Cm (by Lemma 3.1). Hence (19) shows
that the map in (20) is Cm (and hence also the mappings η 7→ η−1 and
(γ, η) 7→ γ ∗ η).
By the preceding, it suffices to show that evol : Ck([0, 1], g) → G is Cm
for all m ∈ N; then (Ck([0, 1], g), ∗) will be a Lie group. We proceed by
induction on m. For m = 1, we have that evol is Cm (i.e., C1) by hypothesis.
If we already know that evol is Cm, then also the map (20) is Cm (as well
as η 7→ η−1 and (γ, η) 7→ γ ∗ η), by our preparatory consideration. Notably,
right translations in both (Ck([0, 1], g), ∗) and G are diffeomorphisms and
evol = ρevol(η) ◦ evol ◦ρη−1 ,
entailing that
Tη evol = Tρevol(η) ◦ T0 evol ◦Tηρη−1
is the map taking (η, γ) ∈ TηC
k([0, 1], g) = {η} × Ck([0, 1], g) to
Ig((γ + η) ∗ η
−1). evol(η).
As evol is Ck by the inductive hypothesis, the preceding formula shows that
T evol is a Ck-map in (η, γ). Hence evol is Ck+1, by Lemma 6.1. ✷
7 Proof of Theorem F
We shall use the following tool:
Lemma 7.1 Let M and N be C1-manifolds modeled on locally convex spaces
and f : M → N be a map. Then f is C1 if and only if there exists a contin-
uous map ω : TM → TN with the following properties:
(a) ω(TxM) ⊆ Tf(x)N for each x ∈M ;
(b) If ε > 0 and γ : ]−ε, ε[→ M is a C1-map, then f ◦ γ is C1 with
(f ◦ γ)′(0) = ω(γ′(0)).
In this case, Tf = ω. If M is an open subset of a locally convex space X, it
suffices to take paths of the form γ(s) = x+sy in (b), for x ∈M and y ∈ X.
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Proof. If f is C1, we can take ω := Tf . Conversely, assume that ω ex-
ists. Using the 0-section θ : M → TM , x 7→ 0x and the bundle projection
πN : TN → N , we have f = πN ◦ ω ◦ θ by (a), and thus f is continuous. If
ψ : P → Q is a chart for N and φ : U → V is a chart for M (which we may
choose as the identity map of an open subset U ⊆ M if M is open in X)
such that f(U) ⊆ P , then d(ψ ◦ f ◦ φ−1)(x, y) = d
dt
|t=0ψ((f ◦ φ
−1)(x + ty))
exists by (b) and the Chain Rule, and is given by
d(ψ ◦ f ◦ φ−1)(x, y) = dψ(ω(Tφ−1(x, y)))
and thus continuous in (x, y). Hence ψ ◦ f ◦ φ−1 is C1 and hence f is C1. ✷
Lemma 7.2 If G is a C0-semiregular Lie group, then for each γ ∈ C0([0, 1], g)
there exists Evolr(γ) := η ∈ C1∗([0, 1], G) such that δ
r(η) = γ.
Proof. The right logarithmic derivative of Evol(−γ)−1 is γ, whence Evolr(γ) =
Evol(−γ)−1. ✷
Lemma 7.3 If G is C0-regular and γ, η ∈ C0([0, 1], g), then
θ : R→ G, s 7→ evol(η + sγ)
is a smooth curve in G with right logarithmic derivative
δr(θ)(s) = Ig(Ad(Evol(η+ sγ)).γ) = Ig((η+ sγ+γ)∗ (η+ sγ)
−1) for s ∈ R,
(21)
where Ig : C
0([0, 1], g)→ g, γ 7→
∫ 1
0
γ(t) dt.
Proof. Since evol : (C0([0, 1], g), ∗) → G is a smooth homomorphism be-
tween Lie groups, we have
(δrθ)(s) = L(evol)δr(s 7→ η + sγ)
= Igdρ(η+sγ)−1(η + sγ, γ)
= Ig(Ad(Evol(η + sγ)).γ),
as asserted. ✷
Proof of Theorem F. Since evol is continuous by assumption, (C0([0, 1], g), ∗)
is a topological group by Proposition 6.2 (a). Thus ω : TC0([0, 1], g)→ TG,
ω(η, γ) := Ig(dρη−1(η, γ)). evol(η) = Ig((γ + η) ∗ η
−1). evol(η)
= Ig(Ad(Evol(η)).γ). evol(η)
26
is continuous. Moreover, ω takes TηC
0([0, 1], g) = {η} × C0([0, 1], g) to
Tevol(η)G. Hence, by Lemma 7.1, evol will be C
1 if we can show that, for
all γ, η ∈ C0([0, 1], g), the curve
ξ : R→ G, ξ(s) := evol(η + sγ)
is C1 and satisfies
ξ′(0) = ω(η, γ). (22)
Stimulated by (21), we use Lemma 7.2 to find a C1-curve θ : R→ G, s 7→ θ(s)
such that θ(0) = evol(η) and
δr(θ)(s) = Ig(Ad(Evol(η + sγ)).γ) = Ig((η + sγ + γ) ∗ (η + sγ)
−1).
For each j ∈ J , we have that
δr(αj ◦ θ)(s) = L(αj)δ
r(θ)(s)
= L(αj)Ig(Ad(Evol(η + sγ)).γ)
= Ihj(L(αj) ◦ Ad(Evol(η + sγ)).γ)
= Ihj(Ad(Evol(L(αj)(η) + sL(αj)(γ)).L(αj)(γ))
This coincides with
δr(αj ◦ ξ) = δ
r(s 7→ αj(evol(η + sγ)))
= δr(s 7→ evol(L(αj) ◦ (η + sγ)))
= δr(s 7→ evol(L(αj)(η) + sL(αj)(γ)))
= Ihj (Ad(Evol(L(αj)(η) + sL(αj)(γ)).L(αj)(γ))
(where we used (21) for the last equality). Hence αj ◦ θ = αj ◦ ξ for all
j ∈ J , entailing (as the αj separate points) that ξ = θ is indeed C
1, with
ξ′(0) = θ′(0) = (δrθ)(0).θ(0) = Ig(Ad(Evol(η)).γ). evol(η) = ω(η, γ). ✷
Remark 7.4 Let G be a C0-semiregular Lie group whose Lie algebra g :=
L(G) is an integral complete locally convex space. Assume that the smooth
homomorphisms from G to C0-regular Lie groups separate points on G and
evol : C1([0, 1], g)→ G
is continuous. ThenG is C1-regular. In fact, we can simply replace C0([0, 1], g)
with C1([0, 1], g) in the preceding proof (in particular, we now consider
ω : TC1([0, 1], g)→ TG).
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The first lines of the proof of Theorem F also show the following.
Proposition 7.5 Let k ∈ N0 ∪ {∞} and G be a C
k-semiregular Lie group,
with Lie algebra g. If k = 0, assume that g is integral complete; if k ≥ 1,
assume that g is Mackey-complete. Assume that
(a) evolG : C
k([0, 1], g)→ G is continuous;
(b) The map R → G, t 7→ evolG(γ + tη) is C
1 for all γ, η ∈ Ck([0, 1], g);
and
(c) d
dt
∣∣∣
t=0
evolG(γ+tη) = Ig(Ad(EvolG(η))γ). evolG(η), where the dot means
multiplication in TG and Ig : C
k([0, 1], g)→ g, ζ 7→
∫ 1
0
ζ(t) dt.
Then G is Ck-regular. ✷
Corollary 7.6 Let k ∈ N0∪{∞}, (J,≤) be a directed set, ((Gj)j∈J , (αi,j)i≥j)
be a direct system of Ck-semiregular Lie groups Gj and smooth homomor-
phisms αi,j : Gj → Gi. Let G be a Lie groups and αj : Gj → G be smooth
homomorphisms for j ∈ J such that αi ◦ αi,j = αj for all i, j ∈ J such that
i ≥ j. Let g := L(G) and gj := L(Gj). Assume that each γ ∈ C
k([0, 1], g)
is of the form L(αj) ◦ ζ for some j ∈ J and ζ ∈ C
k([0, 1], gj). Then G
is Ck-semiregular. If evol : Ck([0, 1], g) → G is continuous and each Gj is
Ck-regular, then G is Ck-regular.
Proof. If γ ∈ Ck([0, 1], g) and ζ ∈ Ck([0, 1], gj) such that γ = L(αj)◦ζ , then
αj ◦ EvolGj(ζ) is the left evolution of γ. Hence G is C
k-semiregular. Now
assume that evolG is continuous. If γ, η ∈ C
k([0, 1], g), then there are i, j ∈ J
and ζ ∈ Ck([0, 1], gi), ξ ∈ C
k([0, 1], gj) such that γ = L(αi) ◦ ζ and L(αj) ◦ ξ.
Since J is directed, there is ℓ ∈ J such that ℓ ≥ i, j. Let ζ¯ := L(αℓ,i) ◦ ζ and
ξ¯ := L(αℓ,j)◦ξ. Then ζ¯, ξ¯ ∈ C
k([0, 1], gℓ) and L(αℓ)◦ ζ¯ = L(αℓ)◦L(αℓ,i)◦ζ =
L(αℓ ◦ αℓ,i) ◦ ζ = L(αi) ◦ ζ = γ; likewise, L(αℓ) ◦ ξ¯ = ξ. Note that
θ : R→ Gℓ, θ(t) := evolGℓ(ζ¯ + tξ¯)
is a C1-curve in Gℓ such that θ
′(t) = Igℓ(Ad(EvolGℓ(ξ¯)ζ¯)). evolGℓ(ξ¯) Hence
αℓ ◦ θ : R → G, t 7→ evolG(ζ + tξ) is a C
1-curve and d
dt
∣∣∣
t=0
evolG(ζ + tξ) =
T (αℓ)(θ
′(t)) = Ig(Ad(EvolGl(ξ)ζ)). evolG(ξ). Now apply Proposition 7.5. ✷
The following side result is established using a similar (but easier) argument.
It is related to the open question of whether every continuous homomorphism
between (possibly infinite-dimensional) Lie groups is smooth.
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Proposition 7.7 Let α : G → H be a continuous homomorphism between
Lie groups modelled on locally convex spaces. Assume that
(a) H is C0-semiregular;
(b) There exists a continuous linear map β : L(G) → L(H) and a family
(αj)j∈J of smooth homomorphisms αj : H → Hj to Lie groups Hj such
that αj ◦α : G→ Hj is smooth and L(αj ◦α) = L(αj)◦β, for all j ∈ J .
Then α is smooth.
Proof. Let πG : TG→ G be the bundle projection. The map
ω : TG→ TH, v 7→ α(πG(v)).β(πG(v)
−1.v)
is continuous and takes TgG to Tα(g)H . If γ : ]−ε, ε[→ G is C
1, then η :=
β ◦ δℓ(γ) is a continuous curve in L(H). By C0-semiregularity, there exists a
unique C1-map θ : ]−ε, ε[→ H such that δℓ(θ) = η and θ(0) = e. Then
δℓ(αj ◦ θ) = L(αj) ◦ δ
ℓ(θ) = L(αj) ◦ η
= L(αj) ◦ β ◦ δ
ℓ(γ) = L(αj ◦ α) ◦ δ
ℓ(γ)
= δℓ((αj ◦ α) ◦ γ)
(using hypothesis (b) for the penultimate equality) and thus αj◦θ = αj◦α◦γ.
As the αj separate points, we deduce that α ◦ γ = θ, which is C
1. Moreover,
(α ◦ γ)′(s) = θ′(s) = θ(s).δℓ(θ)(s) = α(γ(t)).β(δℓ(γ)(s)) = ω(γ′(s)). Thus α
is C1, by Lemma 7.1. Like any C1-homomorphism between Lie groups, α is
smooth [18]. ✷
LetM be a Ck-manifold modelled on a locally convex space E. Recall that a
subset N of M is called a submanifold modelled on a closed vector subspace
F of E if, for each x ∈ N , there is a chart φ : Uφ → Vφ ⊆ E of M around x
such that φ(Uφ∩N) = Vφ∩F . A subgroup H of a Lie group G is called a Lie
subgroup if it is a submanifold of G in the sense just recalled. The author is
grateful to Alexander Schmeding (Trondheim) for his suggestion to include
the following lemma.
Lemma 7.8 Let G be a Ck-regular Lie group with k ∈ N0∪{∞} and H ⊆ G
be a Lie subgroup. If H is Ck-semiregular, then H is Ck-regular.
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Proof. Let λ : H → G be the inclusion map, h := L(H) and g := L(G). For
each γ ∈ Ck([0, 1], h), we have δℓ(λ◦EvolH(γ)) = L(λ)◦δ
ℓ(EvolH(γ)) = λ◦γ
and hence λ◦EvolH(γ) = EvolG(L(λ)◦γ). Thus λ(evolH(γ)) = evolG(L(λ)◦
γ) and hence
evolH = (evolG ◦C
k([0, 1], λ))|H.
Since Ck([0, 1], λ) : Ck([0, 1], h)→ Ck([0, 1], g), γ 7→ λ◦γ is continuous linear
and hence smooth, we deduce that
evolG ◦C
k([0, 1], λ) : Ck([0, 1] ch)→ G.
is smooth. As this map has image inside H and H is a submanifold of G, we
deduce that evolH = (evolG ◦C
k([0, 1], λ))|H is smooth (see [4]). ✷
Lemma 7.9 Let η : [0, 1] → G be a C1-curve in a Lie group G such that
δℓ(η) : [0, 1]→ L(G) is Ck for some k ∈ N0. Then η is C
k+1.
Proof. Since γ := δℓ(η) is Ck, an easy induction based on the formula
η′(t) = η(t).γ(t) for all t ∈ [0, 1]
shows that η′ is Cj for all j ∈ {0, 1, . . . , k}. Hence η is Ck+1. ✷
Also the following situation arises frequently.
Lemma 7.10 Let f : G→ H be a smooth homomorphism between Lie groups
modelled on locally convex spaces E and F , respectively, with Lie algebras g
and h. Assume that L(f) : g → h is injective and g is integral complete.
Moreover, assume that there exists a chart φ : Uφ → Vφ ⊆ E of G around 1,
a chart ψ : Uψ → Vψ ⊆ F of H around 1 and a continuous linear map
α : E → F such that f(Uφ) ⊆ Uψ and
ψ ◦ f ◦ φ−1 = α|Vφ. (23)
Let k ∈ N0 ∪ {∞}. If γ ∈ C
k([0, 1], g) such that
EvolH(L(f) ◦ γ) = f ◦ η
for a continuous map η : [0, 1] → H with η(0) = 1, then η ∈ Ck+1([0, 1], H)
and η = EvolG(γ).
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Proof. We identify E and F with g and h, respectively, and may assume that
the charts have been chosen with φ(1) = 0, ψ(1) = 0, dφ|g = idg and dψ|h =
idh. By Lemma 7.9, it suffices to show that η is C
1 and δℓ(η) = γ. There is
a partition 0 = t0 < t1 < · · · , tn = 1 of [0, 1] such that η(tj−1)
−1η(t) ∈ Uφ
for all j ∈ {1, . . . , n} and t ∈ [tj−1, tj ]. Define
ηj : [0, 1]→ G, ηj(t) := η(tj−1)
−1η(tj−1 + t(tj − tj−1)).
It then suffices to show that
δℓ(ηj)(t) = (tj − tj−1)γ(tj−1 + t(tj − tj−1))
for all j ∈ {1, . . . , n} and t ∈ [0, 1]. After replacing η with ηj, we may
therefore assume that η([0, 1]) ⊆ Uφ. The group multiplication of G induces
on Uφ a structure of local Lie group; then there is a unique local Lie group
structure on Vφ making φ an isomorphism of local Lie groups. Likewise, H
and ψ induce local Lie group structures on Uψ and Vψ. Then
α|Vφ = ψ ◦ f |Uφ ◦ φ
−1 : Uφ → Vφ
is both a homomorphism between local Lie groups, and the restriction of a
continuous linear map. Given x ∈ Vφ, let λx be left translation with x on its
natural domain D in the local Lie group Vφ, and λ
G
α(x) be left translation on
its natural domain in Vψ. Because α is a homomorphism, we have
α ◦ λGx = λ
H
α(x) ◦ α|D. (24)
Since α is continuous linear, applying the Chain Rule to (24), we obtain
α ◦ dλGx = dλ
H
α(x) ◦ (α|D × α).
Let ζ := φ ◦ η. Since E is integral complete, we can define a C1-curve
θ : [0, 1]→ E via
θ(t) :=
∫ t
0
dλGφ(γ(s))(γ(s)) ds.
Then
α(θ(t)) =
∫ t
0
α(dλGφ(γ(s))(γ(s)) ds =
∫ t
0
dλHα(φ(γ(s)))(α(γ(s))) ds
=
∫ t
0
dλHψ(f(γ(s)))(α(γ(s))) ds = ψ(Evol
H(α ◦ γ)(t))
= (ψ ◦ f ◦ η)(t) = α((φ ◦ η)(t))
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and hence φ ◦ η = θ, which is C1. Moreover,
(φ ◦ η)′(t) = θ′(t) = dλGφ(γ(t))(γ(t))
for all t ∈ [0, 1]. Hence
δℓ(η) = L(φ)δℓ(η) = δℓ(φ ◦ η) = γ
and thus η = EvolG(γ). ✷
Example 7.11 Recall that a Lie group is called a BCH-Lie group if it is
an analytic Lie group whose exponential function induces an analytic diffeo-
morphism from an open 0-neighbourhood onto an open identity neighbour-
hood (see [12], [24], and [35]). If f : G → H is an analytic homomorphism
between BCH-Lie groups, then f ◦ expG = expH ◦L(f), showing that f cor-
responds to the restriction of the continuous linear map L(f) to an open
0-neighbourhood in L(G) on which expG is a diffeomorphism. The hypothe-
sis (23) in Lemma 7.10 is therefore satisfied.
8 Proof of Theorem G
We first formulate and prove an analogous result for local Lie groups. Part
of Theorem G then is a special case.
8.1 Recall that a local Lie group is a quintuple (U,D, µ, η, e) where U is a
smooth manifold modelled on a locally convex space E, D ⊆ U×U is an open
subset, µ : D → U , (x, y) 7→ µ(x, y) =: xy and η : U → U , x 7→ η(x) =: x−1
are smooth maps and e ∈ U , such that natural axioms are satisfied (see
[35] or [24] for details and further basic theory and notation). In particular,
(x, e), (e, x), (x, x−1) ∈ D for all x ∈ U . If E is a locally convex space over
K ∈ {R,C} and U , µ and η are K-analytic, then we speak of a K-analytic
local Lie group. We write L(U) := TeU for the Lie algebra of a local Lie
group and recall that g−1.y ∈ L(U) can be defined for g ∈ U , y ∈ Tg(U) as in
the case of a (global) Lie group, using left translation with g−1 on some open
neighbourhood of g. Similarly, we can define g.y ∈ TgU for g ∈ U , y ∈ L(U).
8.2 A local Lie group (as before) is called Ck-semiregular if there exists
an open 0-neighbourhood Ω ⊆ Ck([0, 1], L(U)) such that each γ ∈ Ω has
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a left evolution Evol(γ) := η ∈ Ck+1([0, 1], U), determined by η(0) = e,
δℓ(η)(t) := η(t)−1.η′(t) = γ(t) for all t ∈ [0, 1]. As in the case of (global)
Lie groups, left evolutions are always unique. If Ω can be chosen such that
evol : Ω → U , γ 7→ Evol(γ)(1) is smooth, then the local group is called
Ck-regular.
8.3 The validity of Ck-regularity or Ck-semiregularity is unchanged if we
replace D by any open subset D′ for which (U,D′, µ|D′, η, e) is a local Lie
group.
8.4 Let (U,D, µ, η, e) be a local Lie group. If V = V −1 is an open identity
neighbourhood and DV ⊆ D ∩ V × V an open subset with µ(DV ) ⊆ V such
that (V,DV , µ|
V
DV
, η|VV , e) is a local group, then the latter is called an open
local Lie subgroup of the given local Lie group. For example, we can always
take DV := (V × V ) ∩ µ
−1(V ). It is clear that U is Ck-regular if and only if
V is Ck-regular. If V is Ck-semiregular, then also U is Ck-semiregular.
8.5 The mapping h : [0, 1]×Ω→ Ck([0, 1], L(U)) determined by h(s, γ)(t) =
sγ(st) is continuous and h([0, 1]×{0}) = {0}. Hence, by the Wallace Lemma,
there exists an open 0-neighbourhood W ⊆ Ω such that h([0, 1]×W ) ⊆ Ω.
For each γ ∈ W and t ∈ [0, 1], we then have
Evol(γ)(s) = evol(sγ(s.)) = evol(h(s, γ)).
8.6 It is well known that a (global) Lie group G is Ck-regular as a Lie group
if and only if it is Ck-regular as a local Lie group (see, e.g., [5]). The same
argument shows that G is Ck-semiregular as a Lie group if and only if G is
Ck-semiregular as a local Lie group.
8.7 Let (Uj , Dj, µj, ηj, ej) be local Lie groups for j ∈ {1, 2}. A map α : U1 →
U2 is called a homomorphism of local Lie groups if α is smooth, α(e1) = e2,
(α × α)(D1) ⊆ D2, α(x, y) = α(x)α(y) for all (x, y) ∈ D1 and α(x
−1) =
α(x)−1 for all x ∈ U1.
Proposition 8.8 Let U be a local Lie group and
W := {x ∈ U : (∀j ∈ J) αj(x) = βj(x)}
for families (αj)j∈J and (βj)j∈J of smooth homomorphisms αj , βj : U → Uj
to some local Lie groups Uj. Let k ∈ N0 ∪ {∞}.Then the following holds:
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(a) If U is Ck-semiregular and W is Cm-initial in U for some m ∈ N∪{∞}
such that m ≤ k + 1, then also W is Ck-semiregular.
(b) If U is Ck-regular and W is Cm-initial and C∞-initial in U for some
m ∈ N ∪ {∞} such that m ≤ k + 1, then also W is Ck-regular.
Here, a subset W = W−1of U containing e is called Cm-initial if it admits a
local Lie group structure (W,D, µ, η, e) with properties like those in the case
of Cm-initial Lie subgroups. While the Lie group structure on a Cm-initial
Lie subgroup is unique, D is not unique in the current situation. The propo-
sition holds for each fixed choice of D (cf. also 8.3).
Proof. (a) By hypothesis, there exists an open 0-neighbourhood Ω ⊆
Ck([0, 1], L(U)) such that each γ ∈ Ω admits a Ck+1-evolution Evol(γ) : [0, 1]→
U . Let ι : W → U be the smooth inclusion map. Then L(ι) : L(W )→ L(U)
is an injective, continuous linear (and hence smooth) map and thus also
L(ι)∗ : C
k([0, 1], L(W ))→ Ck([0, 1], L(U)), γ 7→ L(ι) ◦ γ is continuous linear
(cf. [12]). We identify L(W ) with the image im L(ι) ⊆ L(U) as a vector
space (although the topology may be finer). By the preceding,
ΩW := Ω ∩ C
k([0, 1], L(W )) = (L(ι)∗)
−1(Ω)
is an open 0-neighbourhood in Ck([0, 1], L(W )). Note that
L(αj).y = L(αj)L(ι).y = L(αj ◦ ι).y = L(βj ◦ ι).y = L(βj).y (25)
for all j ∈ J and y ∈ L(W ). Given γ ∈ ΩW , let η := Evol(γ) : [0, 1] → U .
For each j ∈ J , we have that
δℓ(αj ◦ η) = L(αj) ◦ δ
ℓη = L(αj) ◦ γ = L(βj) ◦ γ = δ
ℓ(βj ◦ η),
using (25) to get the third equality. Hence αj ◦ η = βj ◦ η for all j ∈ J and
thus η([0, 1]) ⊆ W . Since η is Ck+1 and thus Cm as a map to U and W is
Cm-initial, we deduce that η is Cm as a map to W , hence C1 as a map to W
and hence Ck+1 as a map to W (using that η′ = η.δℓη = η.γ is Ck as a map
to TW ). Thus W is Ck-semiregular.
(b) If U is Ck-regular, choose Ω in the proof of (a) such that evol : Ω→ U
is smooth. Then also evol ◦L(ι)∗|ΩW is smooth as a map to U and takes values
in W . Thus, by C∞-initiality, evolW := evol ◦L(ι)∗|
W
ΩW
: ΩW →W is C
∞. ✷
Proof of Theorem G. (a) follows from Proposition 8.8 (a) and 8.6.
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(b) Let ι : H → G be the inclusion map. We know that evolCk([0, 1], g)→
G is smooth and hence Cm. As in the preceding proof, evolH(γ) := evol(γ) ∈
H for all γ ∈ Ck([0, 1], h). Thus evolH : C
k([0, 1], h)→ H is Cm, as we assume
that H is Cm-initial. As a consequence, evolH is C
1 and thus evolH is C
∞,
by Theorem E. ✷
Remark 8.9 It should be possible to omit the C∞-initiality in Proposi-
tion 8.8 (b), if we first prove an analogue of Theorem E for local Lie groups.
However, the author did not want to make the presentation more technical.
Example 8.10 Let n ∈ N, k,ℓ ∈ N0∪{∞} and H be a C
k-regular Lie group,
modelled on a locally convex space E. Then also the Lie group
Cℓ∗([−n, n], H) := {γ ∈ C
ℓ([−n, n], H) : γ(0) = e}
is Ck-regular.
In fact, if U = U−1 is an open identity neighbourhood in H and φ : U →
V ⊆ E a chart for H such that φ(e) = 0, then φ∗ : C
ℓ([−n, n], U) →
Cℓ([−n, n], V ), γ 7→ φ ◦ γ is a chart for Cℓ([−n, n], H). We shall verify
in Proposition 12.1 that Cℓ([−n, n], H) is Ck-regular. Since
φ∗(C
ℓ([−n, n], U) ∩ Cℓ∗([−n, n], H)) = C
ℓ([−n, n], V ) ∩ Cℓ∗([−n.n], E),
Cℓ∗([−n, n], H) is a Lie subgroup in C
ℓ([−n, n], H) and hence Cm-initial for
each m ∈ N0 ∪ {∞}. Moreover,
Cℓ∗([−n, n], H) = {γ ∈ C
ℓ([−n, n], H) : α(γ) = β(γ)}
with the smooth homomorphisms α, β : Cℓ([−n, n], H)→ H ,
α(γ) := γ(0), β(γ) := e.
Thus Theorem G applies and shows that Cℓ∗([−n, n], H) inherits C
k-regularity
from Cℓ([−n, n], H).
A more substantial application will be given in Proposition 12.4.
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9 Application to complexifications and
projective limits
Proposition 9.1 Let (I,≤) be a directed set and S := ((Gi)i∈I , (φi,j)i≤j) be
a projective system of Lie groups Gi and smooth homomorphisms φi,j : Gj →
Gi. Let G be a Lie group, k ∈ N0 ∪ {∞}, m ∈ N ∪ {∞} such that m ≤
k + 1 (e.g., m = k + 1) and φi : G → Gi be smooth homomorphisms such
that (G, (φi)i∈I) is the projective limit of S in the category of C
m-manifolds
(possibly with boundary) and Cm-maps between them, and the maps L(φi)
separate points on L(G) for i ∈ I.
(a) If each Lie group Gi is C
k-semiregular, then also G is Ck-semiregular.
(b) If each Lie group Gi is C
k-regular and (G, (φi)i∈I) is the projective limit
of S also in the category of sets and maps, then G is Ck-regular.
Proof. (a) Let γ : [0, 1] → L(G) be Ck. Then L(φi) ◦ γ : [0, 1] → L(Gi)
is Ck and thus ηi := EvolGi(L(φi) ◦ γ) ∈ C
k+1([0, 1], Gi) can be formed.
The maps ηi are C
m in particular. From δℓ(φi,j ◦ ηj) = L(φi,j) ◦ δ
ℓ(ηj) =
L(φi,j) ◦ L(φj) ◦ γ = L(φi,j ◦ φj) ◦ γ = L(φi) ◦ γ = δ
ℓ(ηi) we deduce that
φi,j◦ηj = ηi. The universal property of the projective limit therefore provides
a unique Cm-map η : [0, 1]→ G such that φi ◦ η = ηi for all i ∈ I. For each i,
we have L(φi) ◦ δ
ℓ(η) = δℓ(φi ◦ η) = δ
ℓ(ηi) = L(φi) ◦ γ. Hence δ
ℓ(η) = γ (as
the L(φi) separate points) and thus η = EvolG(γ). Since η is C
1 and δℓη = γ
is Ck, the map η is Ck+1.
(b) Because G is the projective limit of S both as a set and as a Cm-
manifold, a map f : N → G on a Cm-manifold N is Cm if and only if φi ◦f is
Cm for each i ∈ I. We have just seen that φi ◦EvolG(γ) = EvolGi(L(φi) ◦ γ),
whence φi(evolG(γ)) = evolGi(L(φi) ◦ γ). Using the linear map
L(φi)∗ : C
k([0, 1], L(G))→ Ck([0, 1], L(Gi)), γ 7→ L(φi) ◦ γ
which is continuous (cf. [12]) and hence smooth, we can thus write
φi ◦ evolG = evolGi ◦L(φi)∗.
Thus φi ◦ evolG is smooth and therefore C
m, and hence evolG is C
m (by our
preparatory consideration). Theorem E now shows that evolG is smooth,
completing the proof that G is Ck-regular. ✷
Two special cases with more tangible hypotheses are of particular interest.
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Corollary 9.2 Let G1 ⊇ G2 ⊆ · · · be a descending sequence of Lie groups
such that the inclusion maps φi,j : Gj → Gi are smooth homomorphisms for
i ≤ j. Assume that G :=
⋂
i∈NGi is endowed with a Lie group structure
modelled on a locally convex space E, such that the inclusion maps φi : G→
Gi are smooth homomorphisms. Let Ei be the modelling locally convex space
of Gi. Assume that Ej is a vector subspace of Ei for i ≤ j (possibly with a
finer topology) and
E =
⋂
i∈N
Ei = lim
←−
Ei
as a locally convex space. Finally, assume that there exist charts ψi : Ui →
Vi ⊆ Ei for Gi around e and a chart ψ : U → V ⊆ E for G around e, with
ψ(e) = 0, such that U = Ui ∩G and ψ = ψi|U for all i ∈ I, and Uj = Ui ∩Gj
and ψj = ψi|Uj whenever i ≤ j. Then
G = lim
←−
Gi
in the category of Cm-manifolds (with or without boundary), for each m ∈
N0∪{∞}. If k ∈ N0∪{∞} and each Gi is C
k-regular (resp., Ck-semiregular),
then also G is Ck-regular (resp., Ck-semiregular).
Proof. LetN be a Cm-manifold (with or without boundary) and fi : N → Gi
be Cm-maps such that φi,j ◦fj = fi whenever i ≤ j, i.e., fj(x) = fi(x). Then
f(x) := fi(x) is independent of i ∈ N and takes values in
⋂
i∈NGi = G. We
claim that each p ∈ N has an open neighbourhood P ⊆ N such that f |P
is Cm. If this is true, then f is Cm and we deduce that G = lim
←−
Gi in the
category of Cm-manifolds (with or without boundary). From ψ ◦ φi = ψi|U
we deduce that L(φi) is injective for each i, and hence the L(φi) separate
points on L(G). Therefore all hypotheses of Proposition 9.1 are satisfied
and we get the desired conclusions. It remains to prove the claim. We
first consider the special case that f(p) = e. Since f1 is continuous, there
exists and open neighbourhood P ⊆ N of p such that f1(P ) ⊆ U1. Then
fj(P ) = f1(P ) ⊆ Gj ∩ U1 = Uj for each j ∈ N. Thus ψj ◦ fj |P is a C
m-
map to Ej , for each j ∈ N. Likewise, ψ ◦ f |P is defined. Composes with
the inclusion map E → Ej , the map ψ ◦ f |P yields the C
m-map ψj ◦ fj|P .
If N is a manifold without boundary, we may assume that P is an open
subset of a locally convex space. Since E = lim
←−
Ej as a locally convex
space, we deduce from [4, Lemma 10.3] that ψ ◦ f |P is C
m. If N has a
boundary, an analogous lemma from [24] for Cm-maps on non-open subsets
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applies. Now consider the general case, that f(p) is arbitrary. We then define
gi(x) := fi(x)fi(p)
−1 and g(x) := f(x)f(p)−1. Since g(p) = e, g|P is C
m by
the special case already treated, for an open neighbourhood P ⊆ N of p.
Thus also f |P = g|Pf(p) is C
m. ✷
Corollary 9.3 Let (I,≤) be a directed set and ((Ei)i∈I , (φi,j)i≤j) be a pro-
jective system of locally convex spaces Ei and continuous linear mappings
φi,j : Ej → Ei. Let
E = lim
←−
Ei
as a locally convex space, together with the continuous linear maps φi : E →
Ei. Assume that µi : Ei ×Ei → Ei is a smooth map which is the group mul-
tiplication of a Lie group structure on Ei, such that φi,j is a homomorphism
of groups for all i ≤ j. Then there is a group multiplication µ on E making
it a Lie group. For k ∈ N0 ∪ {∞}, (E, µ) is C
k-semiregular if (Ei, µi) is
Ck-semiregular for each i ∈ I. Likewise, (E, µ) is Ck-regular if (Ei, µi) is
Ck-regular for each i ∈ I.
Proof. A map f from a Cm-manifold N to the projective limit locally convex
space E is Cm if and only if φi◦f is C
m for each i ∈ I (we may assume that N
is an open subset of a locally convex space, and apply [4, Lemma 10.3]). The
same holds if N is a manifold with boundary (cf. [24]). Hence E = lim
←−
Ei
in the category of Cm-manifolds (with or without boundary). Since the φi
separate points on the projective limit, all hypotheses of Proposition 9.1 are
satisfied. ✷
Example 9.4 Let k ∈ N0 and H be a C
k-regular Lie group. Then H is
regular and hence there is a regular Lie group structure on C∞(R, H) (as
described in [37]). It is know from [2, Corollary 144] that C∞(R, H) is Ck-
regular. This result was obtained in op. cit. as part of a long-winded, general
theory. Using Corollary 9.3, we now give a very short, alternative proof:
C∞(R, H) is Ck-regular.
By [37],
C∞(R, H) ∼= C∞∗ (R, H)⋊H,
where C∞∗ (R, H) := {γ ∈ C
∞(R, H) : γ(0) = e} is a regular Lie group iso-
morphic to (C∞(R, h), ∗) =: G via the isomorphism
δℓ : C∞∗ (R, H)→ C
∞(R, h), γ 7→ δℓ(γ).
38
If we can show that G is Ck-regular, then also C∞(R, H) will be Ck-regular,
being an extension of Ck-regular Lie groups (see [36]). Now C∞∗ ([−n, n], H)
is Ck-regular (see Example 8.10) and
δℓ : C∞∗ ([−n, n], H)→ (C
∞([−n, n], h), ∗) =: Gn, γ 7→ δ
ℓ(γ)
is an isomorphism of Lie groups (with inverse Evol), by the regularity of H .
Hence Hn is C
k-regular for each n ∈ N. Thus G = lim
←−
Gn both as a locally
convex space and as a group. Hence also G is Ck-regular (as required), by
Corollary 9.3.
Remark 9.5 Projective limit arguments have a long history in infinite-
dimensional Lie theory (cf. [38], [39]). See [44] for another example of their
use in connection with regularity.
9.6 Let E be a real locally convex space. A complex analytic local Lie
group (U∗, D∗, µ∗, η∗, e) modelled on EC is called a complexification of a real
analytic local Lie group (U,D, µ, η, e) if U is a real analytic submanifold of
U∗, the inclusion map U → U∗ is a homomorphism of local groups and for
each x ∈ U , there exists an open neighbourhood V ⊆ U∗ and a complex
analytic diffeomorphism φ : V → W ⊆ EC such that φ(V ∩ U) =W ∩ E.
9.7 Every real analytic local Lie group (U,D, µ, η, e) has an open local Lie
subgroup which admits a complexification.
In fact, there is an open identity neighbourhood P = P−1 in U on which a
chart φ : P → Q with φ(e) = 0 is defined, with Q an open 0-neighbourhood
in the modelling space E of U . Then P is an open local Lie subgroup with
domain DP = (P × P ) ∩ µ
−1(P ) for the multiplication. We may replace U
with P . Since we can make Q a local Lie group isomorphic to P , eventually
we may assume that U = Q is an open 0-neighbourhood in E. Now the real
analytic maps µ and η extend to complex analytic maps µ˜ : D˜ → EC and
η˜ : U˜ → EC, respectively, with D˜ an open neighbourhood of D in EC × EC
and U˜ an open neighbourhood of U in EC. Let A ⊆ EC be an open 0-
neighbourhood such that A × A ⊆ D˜. Let B ⊆ A be an open connected
0-neighbourhood such that B × B ⊆ µ˜−1(A) and B ⊆ U˜ ∩ η˜−1(U˜). Then
η˜(η˜(x)) is defined for all x ∈ B. Since B is connected and meets U , and
η ◦ η = idU , the identity theorem shows that
η˜(η˜(x)) = x for all x ∈ B.
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Hence η˜|B is injective. Finally, let W be the connected component of 0 of the
open set B∩η˜−1(B) = {x ∈ B : η˜(x) ∈ B}. For x ∈ B, we have η˜(x) ∈ B and
η˜(η˜(x)) = x ∈ B, i.e., η˜(x) ∈ B∩η˜−1(B). Thus η˜(W ) ⊆ B∩η˜−1(B) and hence
η˜(W ) ⊆W , by connectedness. FromW = η˜(η˜(W )) ⊆ η˜(W ) ⊆ W , we deduce
that η˜(W ) = W . Thus η˜|W : W → W is an involutive complex analytic
diffeomorphism. Write xy := µ˜(x, y). Since all triple products of elements
of W are defined and W is connected, using the identity theorem we see
that all axioms for a complex analytic local Lie group (W,DW , µ˜|DW , η˜|W , 0)
are satisfied if we set DW := (W ×W ) ∩ η˜
−1(W ). Let V ⊆ U be an open
0-neighbourhood such that V = η(V ), V × V ⊆ D and V × V ⊆ DW . Then
V is an open local Lie subgroup of U if we take DV := (V × V ) ∩ µ
−1(V ) as
domain of definition for the multiplication µ|DV , and W is a complexification
of V .
Lemma 9.8 Let U be a complex analytic local Lie group which is Ck-regular
for some k ∈ N0 ∪ {∞}. Then evol : C
k([0, 1], L(U)) ⊇ Ω → U is complex
analytic on some open 0-neighbourhood in Ck([0, 1], L(U)).
Proof. Choose Ω ⊆ Ck([0, 1], L(U)) such that evol : Ω → U is C∞. In
particular, Evol(η) ∈ Ck+1([0, 1], U) exists for each η ∈ Ω, enabling us to
define
Ck([0, 1], L(U))× Ω→ Ck([0, 1], L(U)), (γ, η) 7→ γ ∗ η
with γ ∗ η := Ad(Evol(η))−1γ − η. There is an open zero-neighbourhood
Ω1 ⊆ Ω such that evol(γ ∗ η) = evol(γ) evol(η) for all γ, η ∈ Ω1. For η ∈ Ω1,
the map ρη := (.) ∗ η is an invertible is continuous complex affine-linear with
continuous inverse, and hence is a complex analytic diffeomorphism. Also
the right translation revol(η) : V → U is complex analytic on some identity
neighbourhood V ⊆ U . By the preceding, Tη evol ◦T0ρη = T0revol(η) ◦ T0 evol
and thus
Tη evol = T0revol(η) ◦ T0 evol ◦(T0ρη)
−1. (26)
Here T0 evol corresponds to the integration map and therefore is complex
linear. As also the remaining maps on the right-hand side of (26) are com-
plex linear, we deduce that so is Tη evol. Being smooth with complex linear
tangent maps, evol is complex analytic (cf. [10]). ✷
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Proposition 9.9 Let U be a real analytic local Lie group and U∗ be a com-
plex analytic local Lie group which is a complexification for U . Let k ∈
N0 ∪ {∞}. Then the following conditions are equivalent:
(a) U∗ is Ck-regular.
(b) U is Ck-regular and the evolution evol : Ω→ U (in 8.2) can be chosen
as a real analytic map.
Proof. (a)⇒(b): After shrinking U∗ and U , we may assume that U is
a real analytic submanifold of U∗ and U = {z ∈ U∗ : σ(z) = z} for an
antiholomorphic automorphism σ : U∗ → U∗. By Proposition 8.8, U is Ck-
regular, with an evolution map which is a restriction of the complex analytic
evolution map for U∗ and hence real analytic.
(b)⇒(a): After shrinking U and U∗, we may assume (up to isomorphism)
that U is an open subset of some real locally convex space E and U∗ an open
subset of EC. Identify L(U) = T0(U) with E, and likewise for U
∗. Since
evol is real analytic, it admits a complex analytic extension h : Ω∗ → EC
to an open superset Ω∗ of Ω in Ck([0, 1], EC). After shrinking Ω
∗, we may
assume that h(Ω∗) ⊆ U∗. After replacing Ω∗ by the union of such, we may
assume that each component of Ω∗ meets Ω. The map δℓ : Ck+1([0, 1], U∗)→
Ck([0, 1], EC) is complex analytic, and δ
ℓ(h(γ)) = γ for all γ ∈ Ω. Hence
δℓ ◦ h = idΩ∗ , by the Identity Theorem. ✷
Corollary 9.10 Let G be a real analytic Lie group and U∗ be a complexifi-
cation of an open local Lie subgroup U ⊆ G. Let k ∈ N0 ∪ {∞}. Then the
following conditions are equivalent:
(a) U∗ is Ck-regular.
(b) G is Ck-regular and evol : Ck([0, 1], g)→ G is real analytic.
Proof. Combine Proposition 9.9 and the following lemma. ✷
Lemma 9.11 Let k ∈ N0 ∪ {∞} and G be a C
k-regular real analytic Lie
group. If evol : Ck([0, 1], g)→ G is real analytic on some open 0-neighbourhood,
then evol is real analytic.
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Proof. By hypothesis, there is ℓ ∈ N0 such that ℓ ≤ k and a continuous
seminorm q on g such that evol is real analytic on
Q0 := {γ ∈ C
k([0, 1], g) : ‖γ‖Cℓ,q < 1}.
We show that evol is real analytic on Qn := {γ ∈ C
k([0, 1], g) : ‖γ‖Cℓ,q < 2
n}
for each n ∈ N0; since C
k([0, 1], g) =
⋃
n∈N0
Qn, the desired real analyticity
of evol then follows. We proceed by induction on n; the case n = 0 is valid
by choice of q and ℓ. To perform the induction step, note that the maps
Ck([0, 1], g)→ Ck([0, 1], g) taking γ to γ0 and γ1, respectively, are continuous
linear and hence real analytic, where
γj(t) :=
1
2
γ
(
j + t
2
)
for all t ∈ [0, 1] and j ∈ {0, 1}.
Moreover, ‖γ0‖Cℓ,q, ‖γ1‖Cℓ,q ≤
1
2
‖γ‖Cℓ,q. If n ≥ 1 and γ ∈ Qn, then γ0, γ1 ∈
Qn−1 by the preceding estimate. Note that
Evol(γ)(t) =
{
Evol(γ0)(2t) if t ∈ [0,
1
2
],
evol(γ0) Evol(γ1)(2t− 1) if t ∈ [
1
2
, 1]
and thus evol(γ) = evol(γ0) evol(γ1), which is real analytic in γ. ✷
10 Regularity if there is a candidate for evol
Frequently, we already have a good guess for a mapping f : Ck([0, 1], g)→ G
which should be the evolution map evol. In this section, we provide simple
criteria ensuring that indeed f = evol.
Lemma 10.1 Let G be a Lie group, γ ∈ C0([0, 1], g) and η ∈ C1([0, 1], G).
If there is a family (αj)j∈J of smooth homomorphisms αj : G → Gj to Lie
groups Gj such that
(∀j ∈ J) δℓ(αj ◦ η) = L(αj) ◦ γ
and the maps L(αj) separate points on L(G) for j ∈ J , then δ
ℓ(η) = γ.
Proof. Since also δℓ(αj ◦ η) = L(αj) ◦ δ
ℓ(η) and the L(αj) separate ponts,
we obtain δℓη = γ. ✷
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Lemma 10.2 Let G be a Lie group, k ∈ N0 ∪{∞} and f : C
k([0, 1], g)→ G
be a C1-map such that
[0, 1]→ G, s 7→ f(sγ(s.))
is C1 for each γ ∈ Ck([0, 1], g). If there exists a family (αj)j∈J of smooth
homomorphisms αj : G→ Gj to Lie groups Gj such that
αj ◦ f = evolGj ◦L(αj) (27)
and the maps L(αj) separate points on g, then G is C
k-regular and f = evol.
The meaning of (27) is clear if we assume that each Gj is C
k-semiregular.
In the general case, let Ωj be the set of all γ ∈ C
k([0, 1], gj) such that
Evol(L(αj) ◦ γ) exists, and define evolGj : Ωj → Gj, γ 7→ Evol(γ)(1). We
require that L(αj) ◦ γ ∈ Ωj for all γ ∈ C
k([0, 1], g) and (27) holds.
Proof. For each γ ∈ Ck([0, 1], g) and j ∈ J , we have
αj(f(sγ(s.)) = evolGj (L(αj)(sγ(s, .)) = evolGj (s(L(αj ◦ γ)(s.))
= Evol(L(αj) ◦ γ)(s)
for each s ∈ [0, 1]. Hence, by Lemma 10.1, (s 7→ f(sγ(s.))) = Evol(γ). Thus
G is Ck-semiregular with Evol = f a C1-map, and thus G is Ck-regular (by
Theorem E). ✷
Lemma 10.3 Let G be a Lie group and f : C0([0, 1], g)→ G be a continuous
map such that
[0, 1]→ G, s 7→ f(sγ(s.))
is C1 for each γ ∈ C([0, 1], g). If g is integral complete and there exists
a family (αj)j∈J of smooth homomorphisms αj : G → Gj to C
0-regular Lie
groups Gj such that
αj ◦ f = evolGj ◦L(αj) (28)
and the maps L(αj) separate points on g, then G is C
0-regular and f = evol.
Proof. As in the preceding proof, we see that G is C0-regular and f = evol.
Now Theorem F applies. ✷
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11 Regularity of weak direct products
Let (Gj)j∈J be a family of Lie grpoups Gj, with modelling space Ej. Let
E :=
⊕
j∈J
Ej := {(xj)j∈J ∈
∏
j∈J
Ej : xj = 0 for all but finitely many j}
be the direct sum of the given locally convex spaces, endowed with the locally
convex direct sum topology. Then
G :=
⊕
j∈J
Gj := {(xj)j∈J ∈
∏
j∈J
Gj : xj = e for all but finitely many j}
is a group under pointwise multiplication. If φj : Uj → Vj is a chart for Gj
defined on an open identity neighbourhood Uj = U
−1
j with φ(e) = 0, then G
can be given a Lie group structure modelled on E such that
φ := ⊕j∈Jφj :
⊕
j∈J
Uj →
⊕
j∈J
Vj, (xj)j∈J 7→ (φj(xj))j∈J
is a chart around the identity element (cf. [15]).
Let πi : E → Ei, (xj)j∈J 7→ xi be the projection onto the i-th component, for
i ∈ J . We shall use the following fact (see [13] or [41]):
11.1 The map
Φ: Ck([0, 1], E)→
⊕
j∈J
Ck([0, 1], Ej), f 7→ (πj ◦ f)j∈J (29)
sending f to its family of components fj := πj ◦f is an isomorphism of vector
spaces. If J is countable and k ∈ N0 is finite, then Φ is an isomorphism of
topological vector spaces.
Proposition 11.2 Let k ∈ N0 ∪ {∞} and G :=
⊕
j∈J Gj be the weak direct
product of a family (Gj)j∈J of Lie groups, with Lie algebra g := L(G).
(a) If Gj is C
k-semiregular for each j ∈ J , then also the weak direct product
G :=
⊕
j∈J Gj is C
k-semiregular.
(b) If J is countable, k < ∞ and Gj is C
k-regular for each j ∈ J , then
also
⊕
j∈J Gj is C
k-regular.
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(c) If Gj is C
k-regular for each j ∈ J and evol : Ck([0, 1], g) → G is con-
tinuous, then G is Ck-regular.
Proof. Let πj : G → Gj be the projection onto the jth component. Let I
be the set of all finite subsets F ⊆ J and set GF :=
∏
j∈F Gj for F ∈ J ,
which is a Lie subgroup of G. Let ιF : GF → G be the inclusion map. Then
G =
⋃
F∈I GF is a directed union. We can identify L(G) with
⊕
j∈J L(Gj) by
means of the Lie algebra homomorphism (L(πj))j∈J , which is an isomorphism
of topological vector spaces by the above discussion. If γ ∈ Ck([0, 1], g), then
γ([0, 1]) ⊆ GF for some F ∈ I, the co-restriction γ|
L(GF ) : [0, 1] → L(GF ) =∏
j∈F L(Gj) is C
k and γ = ιF ◦γ|
L(GF ) (cf. 29)). Thus (a) and (c) follow from
Corollary 7.6.
(b) Step 1. We may assume that J = N. Let En be the modelling space
of Gn and φ = ⊕n∈Nφn be the chart from above (with J := N). Identifying
g with E =
⊕
n∈NEn by means of the isomorphism dφ|g and gn with En by
means of dφn|gn , the map L(πn) corresponds to the projection prn : E → En
onto the n-th component. If γ = (γn)n∈N ∈ C
k([0, 1], E), then there exists a
finite set F ⊆ N such that γn = 0 for all n ∈ N \ F . Then
η := (Evol(γn))n∈F : [0, 1]→
∏
n∈F
Gn =: P
is the evolution of γ, considered as a Ck-map to L(P ). Since P is a Lie
subgroup of G, we see that Evol(γ) = η.
Step 2. As each of the maps evolGn : C
k([0, 1], En)→ Gn is smooth, also
the map
⊕n∈N evolGn :
⊕
n∈N
Ck([0, 1], En)→
⊕
n∈N
Gn = G, (γn)n∈N 7→ (evolGn(γn))n∈N
is smooth [15]. Hence also the map f :=
(
⊕n∈NevolGn
)
◦Φ: Ck([0, 1], E)→ G
is smooth, and its satisfies πn ◦ f = evolGn ◦ prn by contruction (where the
prn separate points on E). Finally, for γ and η as in Step 1,
f(sγ(s.)) = (evolGn(sγn(s.)))n∈N = (EvolGn(γn)(s))n∈N = η(s)
is a C1-map in s. Thus all hypotheses of Lemma 10.2 are satisfied and thus
G is Ck-regular with f = evolG. ✷
45
Remark 11.3 Assume that Ej 6= {0} for all j ∈ J . If J is uncountable
or k = ∞ then the map (29) is not continuous (see, e.g., [41] and [13],
respectively). Therefore the method of the preceding proof breaks down.
(a) The author therefore does not know if
⊕
j∈J Gj is regular if the Gj are
merely regular (but not Ck-regular for a fixed k ∈ N0).
(b) The author also does not know whether
⊕
j∈J Gj is C
k-regular if J is
uncountable and each Gj a C
k-regular Lie group (where k ∈ N0). A
special case where this is true will be discussed in Section 14. It is also
known that
⊕
j∈J Gj will be C
k+1-regular in the preceding situation
(see Corollary 13.6).
12 Regularity of mapping groups and
gauge groups
In this section, we establish Ck-regularity for some important classes of Lie
groups in larger generality than recorded previously. The proofs illustrate the
typical use of many of the tools and techniques from the previous sections.
The following result was announced in [22]; the arguments were then also
spelled out in [2].
Proposition 12.1 Let M be a compact smooth manifold (with or without
smooth boundary), k, ℓ ∈ N0 ∪ {∞} and H be a C
k-regular Lie group. Then
also G := Cℓ(M,H) is Ck-regular.
Proof. Let E be the modelling space of H and φ : U = U−1 → V ⊆ E
be a chart around e such that φ(e) = 0. Then φ∗ : C
ℓ(M,U) → Cℓ(M,V ),
γ 7→ φ ◦ γ is a chart for G. For x ∈ M , let εx : C
ℓ(M,H) → H and
ex : C
ℓ(M,E)→ E be the point evaluation at x sending γ to γ(x). Identifying
h with E by means of dφ|h and C
ℓ(M,E) with g by means of d(φ∗)|g, we have
L(εx) = ex. If γ ∈ C
k([0, 1], Cℓ(M, h), then Φ(γ) := γ∧ : [0, 1]×M → h is a
Ck,ℓ-map and the map
Φ: Ck([0, 1], Cℓ(M,E))→ Ck,ℓ([0, 1]×M,E)
so obtained an isomorphism of locally convex spaces (see [2] or [3]). Also the
mappings
Ψ: Ck,ℓ([0, 1],M,E)→ Cℓ,k(M × [0, 1], E), Ψ(γ)(x, s) := γ(s, x)
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and
Θ: Cℓ,k(M × [0, 1], E)→ Cℓ(M,Ck([0, 1], E)), γ 7→ γ∨
are isomorphisms of locally convex spaces (see loc. cit.), and hence so is Θ ◦
Ψ ◦ Φ: Ck([0, 1], Cℓ(M,E))→ Cℓ(M,Ck([0, 1], E)). Similarly, the map
Γ: Ck+1(M,Cℓ([0, 1], H)→ Cℓ([0, 1], Ck+1(M,H)), Γ(γ)(s, x) = γ(x)(s)
is an isomorphism of Lie groups [2]. Finally, because EvolH : C
k([0, 1], h)→
Ck+1([0, 1], H) is smooth, also the map
(EvolH)∗ : C
ℓ(M,Ck([0, 1], E))→ Cℓ(M,Ck+1([0, 1], H))
is smooth (cf. [12]). Hence h := Γ ◦ (EvolH)∗ ◦ Θ ◦ Ψ ◦ Φ is a smooth map
Ck([0, 1], Cℓ(M,E)) → Ck+1([0, 1], Cℓ(M,H)). As the smooth homomor-
phisms εx separate points on C
ℓ(M,H) and
Ck+1([0, 1], εx) ◦ h = EvolH ◦C
k([0, 1], ex)
for all x, we deduce that h = EvolG for G := C
ℓ(M,H). ✷
12.2 If M is a paracompact, finite-dimensional smooth manifold, H a Lie
group and ℓ ∈ N0 ∪ {∞}, then the group C
ℓ
c(M,H) of compactly supported
H-valued Cℓ-maps on M is a Lie group which can be identified with the Lie
subgroup
S := {(γj)j∈J ∈
∏
j∈J
Cℓ(Mj , H) : (∀i, j ∈ J)(∀x ∈Mi ∩Mj) γi(x) = γj(x)}
of the weak direct product
⊕
j∈J C
ℓ(Mj , H), for (Mj)j∈J a locally finite fam-
ily of compact submanifolds with boundary of M whose interiors cover M .
Hence, by Theorem G, the Lie group Cℓc(M,H) will be C
k-regular whenever
we can show that
⊕
j∈J C
ℓ(Mj , H) is C
k-regular.
Proposition 12.3 If M is a paracompact, finite-dimensional smooth mani-
fold and H a Lie group which is Ck-regular for some k ∈ N0, then C
ℓ
c(M,H)
is Ck+1-regular for each ℓ ∈ N0 ∪ {∞}. If M is, moreover, σ-compact, then
Cℓc(M,H) is C
k-regular.
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Proof. Assume thatM is σ-compact. By Propositions 11.2 (b) and 12.1, the
weak direct product
⊕
j∈J C
ℓ(Mj , H) is C
k-regular and hence also Cℓc(M,H),
by 12.2. If M is merely paracompact, we can argue in the same way, using
Corollary 13.6 to get Ck+1-regularity of the weak direct product. ✷
Proposition 12.4 Let P → M be a smooth principal bundle over a σ-
compact finite-dimensional smooth manifold M , whose structure group is a
Lie group G modelled on a locally convex space. Assume that the condition
SUB⊕ from [42] is satisfied and H is C
k-regular for some k ∈ N0 ∪ {∞}.
Let Autc(P ) be the Lie group of all compactly supported symmetries of P (as
constructed in [42]). If M is compact or k <∞, then Gauc(P ) and Autc(P )
are Ck-regular Lie group.
Proof. By [42, Lemma 4.12], the gauge group Gauc(P ) is isomorphic to a Lie
subgroup S of the weak direct product
⊕
n∈NC
∞(Vi, G) for a suitable locally
finite cover of M by compact submanifolds Vi with corners. The subgroup
is the equalizer of smooth homomorphisms: It consists of all (γn)n∈N in the
weak direct product such that kij(x)γi(x)kji(x) = γj(x) for all i, j ∈ N and
x ∈ Vi ∩ Vj (with suitable elements ki,j ∈ G). Hence S (and thus also
Gauc(P )) is C
k-regular, by Proposition 11.2 and Theorem G. Since Autc(P )
is an extension of an open subgroup of Diffc(M) (which is C
0-regular, see
[41], cf. [13]) by the Ck-regular Lie group Gauc(P ), it follows that Autc(P )
is Ck-regular (as Ck-regularity is an extension property [36]). ✷
13 Regularity properties of uncountable weak
direct products
It is useful to strengthen the concept of Cℓ-regularity by weakening the topol-
ogy on the space of curves in the Lie algebra.
Definition 13.1 Let ℓ ∈ N0∪{∞} and O be a functional class which assigns
to each locally convex space E a locally convex vector topology O(E) on
Cℓ([0, 1], E) which is coarser than the compact-open Cℓ-topology. We say
that a Lie group G is (Cℓ,O)-regular if G is Cℓ-semiregular and
evolG :
(
Cℓ([0, 1], g),O(g)
)
→ G
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is smooth, where g := L(G). To make the notation less heavy, we frequently
write O instead of O(E).
Example 13.2 Let k, ℓ ∈ N0 ∪ {∞} such that k ≤ ℓ and G be a Lie group
with Lie algebra g. Then G is (Cℓ,OCk)-regular if and only if G is C
ℓ-
semiregular and evolG :
(
Cℓ([0, 1], g),OCk
)
→ G is smooth.
Further instances of Definition 13.1 are useful. The current section hinges
on a notion of (Cℓ,OCk
+
)-regular Lie groups, and Section 14 will involve a
notion of (C0,OL1)-regularity. These involve topologies defined as follows:
Definition 13.3 If E is a locally convex space and q a continuous seminorm
on E, we define
‖γ‖L1,q :=
∫ 1
0
q(γ(t)) dt
for γ ∈ C([0, 1], g). Then ‖.‖L1,q is a seminorm on C([0, 1], g) which is contin-
uous with respect to the C0-topology (as ‖γ‖L1,q ≤ sup{q(γ(t)) : t ∈ [0, 1]}).
We let OL1 be the locally convex vector topology on C([0, 1], E) defined by
the seminorms ‖.‖L1,q, for q ranging through the set of all continuous semi-
norms on E. If ℓ ∈ N0 ∪ {∞} and k ∈ N0 such that k < n, we write OCk
+
for the topology on Cℓ([0, 1], E) which is initial with respect to the inclusion
map Cℓ([0, 1], E)→ (Ck([0, 1], E),OCk) and the mapping
Cℓ([0, 1], E)→ (C([0, 1], E),OL1), γ 7→ γ
(k+1).
Thus OCk ⊆ OCk+ ⊆ OCℓ on C
ℓ([0, 1], E).
Remark 13.4 Let G be a Lie group.
(a) Let ℓ and O be as in Definition 13.1. If G is (Cℓ,O)-regular, then G is
Cℓ-regular.
(b) If G is Ck-regular with k ∈ N0, then G is (C
ℓ,OCk
+
)-regular for each
ℓ ∈ N ∪ {∞} such that ℓ > k.
(c) The notion of Ck-regularity used in this article was called ”strong Ck-
regularity” in some of the author’s older works, while the old notion of
”Ck-regularity” is (C∞,OCk)-regularity in the current terminology.
We prove the following result:
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Theorem 13.5 Let ℓ ∈ N ∪ {∞}, k ∈ N0 such that k < ℓ and (Gj)j∈J
be a family of (Cℓ,OCk
+
)-regular Lie groups, with Lie algebra gj. Then also
G :=
⊕
j∈J Gj is a (C
ℓ,OCk
+
)-regular Lie group and hence G is Cℓ-regular.
Taking ℓ := k + 1, we deduce:
Corollary 13.6 Let k ∈ N0 and (Gj)j∈J be a family of C
k-regular Lie
groups. Then
⊕
j∈J Gj is C
k+1-regular. ✷
If M is a paracompact finite-dimensional smooth manifold, consider the Lie
algebra Vc(M) of compactly supported smooth vector fields on M as the
locally convex direct limit of the spaces VK(M) of smooth vector fields sup-
ported in a compact setK ⊆M (where VK(M) is endowed with the compact-
open C∞-topology).
Corollary 13.7 Let M be a paracompact finite-dimensional smooth mani-
fold and Diff(M) be the Lie group of all C∞-diffeomorphisms of M , modelled
on the locally convex space Vc(M).
(a) If M is σ-compact, then Diff(M) is C0-regular.
(b) If M is not σ-compact, then Diff(M) is C1-regular.
Proof. (a) This is a special case of the corresponding result for diffeomor-
phism groups of σ-compact orbifolds in [41] (cf. also the author’s unpublished
preparatory work [13] and later improvements thereof).
(b) Let (Mj)j∈J be the family of pairwise distinct connected components
of M . Then Mj is a σ-compact, open submanifold of M for each j ∈ J
and thus Diff(Mj) is C
0-regular, by (a). Therefore the weak direct product
U :=
⊕
j∈J Diff(Mj) is C
1-regular, by Corollary 13.6. Since U is an open
subgroup of Diff(M) by construction of the Lie group structure thereon, we
deduce that also Diff(M) is C1-regular. ✷
The same argument shows that diffeomorphism groups of paracompact orb-
ifolds (as studied in [41]) are C1-regular.
The following three lemmas are the key for our proof of Theorem 13.5.
Lemma 13.8 Let k ∈ N0 and E be an integral complete locally convex space.
Then
(Ck+1([0, 1], E),OCk+)
∼= Ek+1 × (C([0, 1], E),OL1)
as a locally convex space via γ 7→ (γ(0), γ′(0), . . . , γ(k)(0), γ(k+1)).
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Proof. Let hk be the map described in the lemma. The topology on
(Ck+1([0, 1], E),OCk
+
) is initial with respect to the inclusion map Ck+1([0, 1], E)→
(C([0, 1], E),OC0) and the map C
k+1([0, 1], E)→ (Ck([0, 1], E),OCk−1
+
), γ 7→
γ′ (where OC−1
+
:= OL1). As a consequence, the linear map
fk : (C
k+1([0, 1], E),OCk
+
)→ E × (Ck([0, 1], E),OCk−1
+
), γ 7→ (γ(0), γ′)
is continuous, for each k ∈ N. Now consider the linear map
gk : E × (C
k([0, 1], E),OCk−1
+
)→ (Ck+1([0, 1], E),OCk
+
)
determined by gk(y, γ)(t) = y +
∫ t
0
γ(s) ds. Note that gk(y, γ)
′ = γ is contin-
uous in (y, γ) as a map to (Ck([0, 1], E),OCk−1
+
) and
sup
t∈[0,1]
q(gk(y, γ)(t)) ≤ q(y) + ‖γ‖L1,q
for each continuous seminorm q on E, entailing that gk is continuous as a
map to (C([0, 1], E),OC0). We now deduce with the initiality property just
mentioned that gk is continuous. By the Fundamental Theorem of Calculus,
both, fk ◦ gk and gk ◦ fk is the respective identity map. Hence fk is invertible
and f−1k = gk is continuous. In particular, h0 = f0 is an isomorphism of
topological vector spaces. If k ≥ 1, then hk(γ) = (γ(0), hk−1(γ
′)) and thus
hk = (idE ×hk−1) ◦ fk. (30)
Since hk−1 is an isomorphism of topological vector spaces by induction, and
fk is an isomorphism of topological vector spaces, we deduce with (30) that
also hk is an isomorphism of topological vector spaces. ✷
Lemma 13.9 Let (Ej)j∈J be a family of locally convex spaces. Give
⊕
j∈J Ej
and ⊕
j∈J
(C([0, 1], Ej),OL1)
the locally convex direct sum topology. Let
Ψ: (C([0, 1],
⊕
j∈JEj),OL1)→
⊕
j∈J
(
C([0, 1], Ej),OL1
)
be the map taking a function to its family of components. Then Ψ is an
isomorphism of topological vector spaces.
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Proof. We know from 11.1 that Ψ is an isomorphism of vector spaces. A
typical continuous seminorm on the range of Ψ is of the form
q :
⊕
j∈J
C([0, 1], Ej)→ [0,∞[, q((γj)j∈J :=
∑
j∈J
‖γj‖L1,qj
with continuous seminorms qj : Ej → [0,∞[. Now
p :
⊕
j∈J
Ej → [0,∞[, p((xj)j∈J) :=
∑
j∈J
qj(xj)
is a continuous seminorm on E :=
⊕
j∈J Ej . If γ = (γj)j∈J ∈ C([0, 1], E),
then there is a finite set F ⊆ J such that γj = 0 for all j ∈ J \ F . Then
q
(
Ψ(γ)
)
=
∑
j∈J
‖γj‖L1,qj =
∑
j∈F
∫ 1
0
qj(γj(t)) dt
=
∫ 1
0
∑
j∈F
qj(γj(t)) dt =
∫ 1
0
p(γ(t)) dt = ‖γ‖L1,p.
Hence Ψ is continuous and actually a topological embedding (since ‖.‖L1,p
with p as just encountered is a typical seminorm on the domain of Ψ. ✷
Lemma 13.10 Let ℓ ∈ N ∪ {∞}, k ∈ N0 such that k < ℓ and (Ej)j∈J be a
family of locally convex spaces. Endow E :=
⊕
j∈J Ej and⊕
j∈J
(
Cℓ([0, 1], Ej),OCk
+
)
with the locally convex direct sum topology. Let
Φ:
(
Cℓ
(
[0, 1],
⊕
j∈J Ej
)
,OCk
+
)
→
⊕
j∈J
(
Cℓ([0, 1], Ej),OCk
+
)
be the map taking a function to its family of components. Then Φ is an
isomorphism of topological vector spaces.
Proof. We know that Φ is an isomorphism of vector spaces (see 11.1). The
domain of Φ is a vector subspace of
(
Ck+1
(
[0, 1],
⊕
j∈J Ej
)
,OCk
+
)
, endowed
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with the induced topology. Moreover, the range of Φ is a vector subspace
of
⊕
j∈J
(
Ck+1([0, 1], Ej),OCk
+
)
, endowed with the induced topology. To see
that Φ is a homeomorphism, it therefore suffices to consider the case that
ℓ = k + 1. Let E˜j be a completion of Ej such that Ej ⊆ E˜j . The domain of
Φ is a topological vector subspace of
(
Ck+1
(
[0, 1],
⊕
j∈J E˜j
)
,OCk
+
)
and the
range of Φ is a topological vector subspace of
⊕
j∈J
(
Ck+1([0, 1], E˜j),OCk
+
)
.
We may therefore assume that each Ej (and hence also
⊕
j∈J Ej) is complete.
Lemma 13.8 provides isomorphisms
(Ck+1([0, 1], Ej),OCk
+
)→ Ek+1j × (C([0, 1], Ej),OL1)
of topological vector spaces. Since locally convex direct sums are compat-
ible with finite direct products, the preceding isomorphisms combine to an
isomorphism
Γ:
⊕
j∈J
(
Cℓ([0, 1], Ej),OCk
+
)
→ Ek+1 ×
⊕
j∈J
(
C([0, 1], Ej),OL1
)
of topological vector spaces. Lemma 13.8 also provides an isomorphism
Θ: Ck+1([0, 1], E)→ Ek+1 × (C([0, 1], E),OL1)
of topological vector spaces. Finally, Lemma 13.9 provides an isomorphism
Ψ: (C([0, 1],
⊕
j∈JEj),OL1)→
⊕
j∈J
(
C([0, 1], Ej),OL1
)
of topological vector spaces. Then also id×Ψ: Ek+1 × (C([0, 1], E),OL1)→
Ek+1 ×
⊕
j∈J
(
C([0, 1], Ej),OL1
)
is an isomorphism of topological vector
spaces, where id : Ek+1 → Ek+1 is the idenitity map. It is clear from the
construction of the preceding mappings that
Γ ◦ Φ = (id×Ψ) ◦Θ.
Since (id×Ψ) ◦ Θ is an isomorphism of topological vector spaces, also Φ =
Γ−1 ◦ (id×Ψ) ◦Θ is an isomorphism of topological vector spaces. ✷
Proof of Theorem 13.5. By Proposition 11.2 (a), G is Cℓ-semiregular. By
Lemma 13.10, the map
Φ: (Cℓ([0, 1], g),OCk)→
⊕
j∈J
(Cℓ([0, 1], gj),OCk)
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taking a g-valued Cℓ-curve to its family of components is an isomorphism of
topological vector spaces. It remains to observe that evolG =
(
⊕j∈J evolGj
)
◦
Φ, where ⊕j∈J evolGj is smooth (like each evolGj ), by [15]. ✷
14 Weak direct products of locally µ-convex
groups
In this section, we establish stronger regularity properties for weak direct
products
⊕
j∈J Gj over arbitrary (not necessarily countable) index sets J if
all Gj are sufficiently nice (e.g., Banach-Lie groups).
Definition 14.1 If G is a Ck-semiregular Lie group for some k ∈ N0 ∪ {∞}
and q is a continuous seminorm on g := L(G), we define
‖γ‖L1,q :=
∫ 1
0
q(γ(t)) dt
for γ ∈ Ck([0, 1], g). Then ‖.‖L1,q is a seminorm on C
k([0, 1], g) which is
continuous with respect to the C0-topology (as ‖γ‖L1,q ≤ sup{q(γ(t)) : t ∈
[0, 1]}). We let OL1 be the locally convex vector topology on C
k([0, 1], g) de-
fined by the seminorms ‖.‖L1,q, for q ranging through the set of all continuous
seminorms on g.
In the next lemma, γ ∗ η = Ad(Evol(η))−1.γ + η (as before).
Lemma 14.2 If k ∈ N0 ∪ {∞} and G is a C
k-semiregular Lie group with
Lie algebra g := L(G), then right translation
ρη : (C
k([0, 1], g),OL1)→ (C
k([0, 1], g),OL1), γ 7→ γ ∗ η
is a continuous affine-linear map and hence smooth, for each η ∈ Ck([0, 1], g).
As a consequence, ρη is a homeomorphism and thus
evol : (Ck([0, 1], g),OL1)→ G
is continuous if and only if it is continuous at 0.
Proof. It suffices to show that, for each η ∈ Ck([0, 1], g), the linear self-
map α : γ 7→ Ad(Evol(η))−1γ is continuous. Then ρη is continuous, hence a
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homeomorphism (as ρη−1 is its inverse) and the final conclusion follows as in
the proof of Theorem D.
Let q be a continuous seminorm on g. The map h : [0, 1]×g→ g, (t, v) 7→
Ad(Evol(η)(t)−1)(v) is continuous and vanishes on [0, 1]×{0}. Then h([0, 1]×
Q) ⊆ Bq1(0) for some zero-neighbourhood Q ⊆ g (by the Wallace Lemma).
We have Bp1(0) ⊆ Q for some continuous seminorm p on g. If v ∈ g and
r > 0 such that rp(v) < 1, then rq(h(t, v)) = q(h(t, rv)) < 1 and thus
q(h(t, v)) ≤ 1
r
. Letting 1
r
→ p(v), we deduce that q(h(t, v)) ≤ p(v). As a
consequence, ‖α(γ)‖L1,q ≤ ‖γ‖L1,p for all γ and hence α is continuous. ✷
Definition 14.3 If G is a Lie group with modelling space E, φ : U → V ⊆ E
a chart for G around e with φ(e) = 0 and q a seminorm on E, we write
qφ(g) := q(φ(g))
for all g ∈ U . The Lie group G is called locally µ-convex if there exists a
chart φ : U → V of G with φ(e) = 0 such that, for each continuous seminorm
q on E, there exists a continuous seminorm p on E and R > 0 such that
(∀r ∈ ]0, R]) (∀n ∈ N) (∀g1, . . . , gn ∈ U)
n∑
j=1
pφ(gj) < r ⇒ g1g2 · · · gn ∈ U and qφ(g1g2 · · · gn) < r.
Remark 14.4 If G is locally µ-convex, then the statement at the end of
Definition 14.3 is valid for every chart φ withφ(e) = 0 (with different choices
of R and p). To see this, note that the change of charts is a smooth map and
hence Lipschitz in a suitable sense (which we presently recall).
We recall from [18]:
14.5 If E and F are locally convex spaces, U ⊆ Eis open and f : U → F a
C1-map, then f is Lipschitz in the sense that, for each x ∈ U and continuous
seminorm p on F , there exists a neighbourhood W ⊆ U of x and continuous
seminorm q on E such that
(∀y, z ∈ U) p(f(z)− f(y)) ≤ q(z − y). (31)
Proposition 14.6 Every Banach-Lie group is locally µ-convex.
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Proof. If G is a Lie group modelled on a Banach-space (E, ‖.‖) and φ : U →
V a chart around 1 such that φ(1) = 0, we can choose an open identity
neighbourhood P ⊆ U such that PP ⊆ U . Then Q := φ(P ) is an open
zero-neighbourhood in V and
m : Q×Q→ V, m(x, y) := φ(φ−1(x)φ−1(y))
expresses the group multiplication in the local chart. The first order Taylor
expansion around (0, 0) reads
m(x, y) = x+ y + ρ(x, y) (32)
and, after shrinking Q if necessary, there is C ∈ ]0,∞[ such that
‖ρ(x, y)‖ ≤ C ‖x‖ ‖y‖ for all x, y ∈ Q (33)
(see, e.g., [19]). After replacing ‖.‖ with C‖.‖, we may assume that C = 1.
Now Bε(0) ⊆ Q for some ε ∈ ]0, 1]. If q is a continuous seminorm on E, then
q ≤ a‖.‖ for some a ∈ ]0,∞[. Let p := max{1, 2a}‖.‖, R := εmax{1, 2a}/2
and r ∈ ]0, R]. If n ∈ N and g1, . . . , gn ∈ U such that
∑n
j=1 pφ(gj) < r, set
xj := φ(gj) for j ∈ {1, . . . , n}. Thus
∑n
j=1 p(xj) < r and hence
∑n
j=1 ‖xj‖ <
ε/2. Then z1 := x1, zj+1 := m(zj , xj+1) can be formed for all j ∈ {1, . . . , n−
1} and
‖zj‖ ≤ 2
j∑
i=1
‖xi‖,
as we verify by induction: If j = 1, then ‖zj‖ = ‖x1‖ ≤ 2‖x1‖ indeed. If
the assertion holds for some j ∈ {1, . . . , n− 1}, then ‖zj‖ ≤ 2
∑j
i=1 ‖xi‖ < ε
shows that zj ∈ Q. Since ‖xj+1‖ < ε/2, we also have xj+1 ∈ Q and thus
zj+1 := m(zj , xj+1) makes sense. Moreover, by (32) and (33),
‖zj+1‖ = ‖m(zj , xj+1)‖ = ‖zj + xj+1 + ρ(zj , xj+1)
≤ ‖zj‖+ ‖xj‖+ ‖ρ(zj , xj+1)‖ ≤ 2
j∑
i=1
‖xi‖+ ‖xj+1‖+ ‖zj‖ ‖xj+1‖.
Since ‖zj‖ < ε ≤ 1, we deduce that ‖zj+1‖ ≤ 2
∑j+1
i=1 ‖xi‖, which completes
the inductive proof. It only remains to note that qφ(g1 · · · gn) = q(zn) ≤
a‖zn‖ ≤ 2a
∑n
j=1 ‖xj‖ ≤
∑n
j=1 p(xj) < r. ✷
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Proposition 14.7 Let G =
⋂
i∈NGi be as in Corollary 9.2 and assume that,
moreover, each Gi is a Banach-Lie group. Then G is locally µ-convex.
Proof. Let E, Ei, ψ : U → V and ψi : Ui → Vi be as in Corollary 9.2, and
‖.‖i be a norm on Ei defining its topology. If q is a continuous seminorm on
E, then there is i ∈ N and c > 0 such that q(x) ≤ c‖x‖i for all i ∈ E. Set
Q := c‖.‖i. Since Gi is locally µ-convex, there exists R > 0 and a continuous
seminorm p on Ei such that, for all r ∈ ]0, R], n ∈ N and g1, . . . , gn ∈ Ui
with
∑n
j=1 pψi(gj) < r, we have g1 · · · gn ∈ Ui and Qψi(g1 · · · gn) < r. As a
consequence, for all r ∈ ]0, R], n ∈ N and g1, . . . , gn ∈ U with
∑n
j=1 pψ(gj) <
r, we have g1 · · · gn ∈ Ui ∩G = U and qψ(g1 · · · gn) ≤ Qψi(g1 · · · gn) < r. ✷
Example 14.8 If M is a compact smooth manifold with or without bound-
ary and H is a Banach-Lie group, then Ck(M,H) is locally µ-convex for all
k ∈ N0 ∪ {∞}.
[If k is finite, then Ck(M,H) is a Banach-Lie group and hence locally µ-
convex by Proposition 14.6. To C∞(M,H) =
⋂
i∈N0
C i(M,H), Proposi-
tion 14.7 applies. ]
Lemma 14.9 Let k ∈ N0 ∪ {∞} and G be a C
k-regular Lie group which is
locally µ-convex. Then evol : (Ck([0, 1], g),OL1)→ G is continuous.
Proof. Let Q be an identity neighbourhood in G. Let φ : U → V ⊆ E, p,
q and R be as in the definition of local µ-convexity; we may assume that
E = g and dφ|g = idg. Assume that q has been chosen such that B
q
s(0) ⊆ V
and φ−1(Bqs(0)) ⊆ Q for some s > 0. After shrinking R, we may assume that
R ≤ s. Because evol : Ck([0, 1], g) → G is smooth with respect to the Ck-
topology on its domain, there is a 0-neighbourhood W ⊆ Ck([0, 1], g) such
that evol(W ) ⊆ U . We may assume that W = {γ ∈ Ck([0, 1], g) : ‖γ‖Cℓ,P <
1} for a continuous seminorm P on g and ℓ ∈ N0 with ℓ ≤ k. Since φ ◦ evol
is smooth and
(φ ◦ evol)′(0)(γ) =
∫ 1
0
γ(t) dt for all γ ∈ Ck([0, 1], g),
we have
(φ ◦ evol)(γ) =
∫ 1
0
γ(t) dt + ρ(γ) for all γ ∈ Ck([0, 1], g), (34)
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with the first order Taylor remainder ρ(γ) ∈ g. After increasing ℓ and P if
necessary, we may assume that
p(ρ(γ)) ≤ (‖γ‖Cℓ,P )
2
for all γ ∈ W . We may also assume that P ≥ p pointwise. Now
W1 :=
{
γ ∈ Ck([0, 1], g) : ‖γ‖L1,P <
R
2
}
is a zero-neighbourhood in (Ck([0, 1], g),OL1). Given γ ∈ W1 and n ∈ N,
define γn,j ∈ C
k([0, 1], g) for j ∈ {1, . . . , n} via
γn,j(t) :=
1
n
γ
(
j − 1 + t
n
)
.
Then
evol(γ) = evol(γn,1) evol(γn,2) · · · evol(γn,n). (35)
Choose N ∈ N so large that 1
N
‖γ‖Cℓ,P < 1 and
1
N
(‖γ‖Cℓ,P )
2 < R
2
. Then
‖γn,j‖Cℓ,P ≤
1
n
‖γ‖Cℓ,P < 1 for all n ≥ N and j ∈ {1, . . . , n}, whence γn,j ∈
W ; moreover,
p(ρ(γn,j)) ≤
1
n
(‖γ‖Cℓ,P )
2
N
<
R
2n
. (36)
Combining (34) and (36), we obtain
pφ(evol(γn,j)) = p(φ(evol(γn,j))) ≤
∫ 1
0
p(γn,j(t)) dt + p(ρ(γ))
<
∫ j/n
(j−1)/n
p(γ(u)) du +
R
2n
,
entailing that
n∑
j=1
pφ(evol(γn,j)) <
∫ 1
0
p(γ(t) dt+
1
2R
= ‖γ‖L1,p +
R
2
≤ ‖γ‖L1,P +
R
2
< R.
Using (35) and the definition of local µ-convexity, we deduce that
evol(γ) = evol(γn,1) evol(γn,2) · · · evol(γn,n) ∈ U
58
and qφ(evol(γ)) < R. Hence evol(γ) ∈ φ
−1(BqR(0)) ⊆ φ
−1(Bqs(0)) ⊆ Q. Thus
evol(W1) ⊆ Q, showing that evol : (C
k([0, 1], g),OL1)→ G is continuous at 0
and hence continuous, by Lemma 14.2. ✷
Proposition 14.10 Let k ∈ N0 ∪ {∞} and (Gj)j∈J be a family of Lie
groups Gj, with Lie algebra gj := L(Gj). Let G :=
⊕
j∈J Gj be the weak
direct product and g := L(G). If Gj is C
k-regular for each j ∈ J and
evolGj : (C
k([0, 1], gj),OL1) → Gj is continuous, then G is C
k-regular and
evol : (Ck([0, 1], g),OL1)→ G is continuous.
Proof. As in the proof of Lemma 13.9, we see that the map
Φ: (Ck([0, 1], g),OL1)→
⊕
j∈J
(Ck([0, 1], gj),OL1)
taking a g-valued Ck-curve to its family of components is an isomorphism
of topological vector spaces.6 We already know from Proposition 11.2 that
G is Ck-semiregular. It remains to observe that evolG =
(
⊕j∈J evolGj
)
◦ Φ,
where ⊕j∈J evolGj is smooth (like each evolGj ), by [15]. ✷
Corollary 14.11 The test function group Cℓc(M,H) is C
0-regular for each
ℓ ∈ N0 ∪ {∞}, Banach-Lie group H and paracompact finite-dimensional
smooth manifold M .
Proof. Let (Mj)j∈J be a locally finite family of compact submanifolds with
boundary of M such that the interiors M0j cover M . By Example 14.8,
Lemma 14.9 and Proposition 14.10, the weak direct product
⊕
j∈J C
ℓ(Mj, H)
is C0-regular. Hence also Cℓc(M,H) is C
0-regular, by 12.2. ✷
15 Regularity of Silva-Lie groups
We describe a regularity criterion for Lie groups modelled on Silva spaces
(i.e., (DFS)-spaces). It implies that the Lie group Diffω(M) of real analytic
diffeomorphisms of a compact real analytic manifold M (as studied in [8], cf.
6Replace Ej with gj and continuous functions with C
k-functions.
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[29]) is C1-regular.7
We shall use a version of Ascoli’s Theorem for Ck-maps.
Lemma 15.1 Let E be an integral complete locally convex space, k ∈ N0
and Γ ⊆ Ck([0, 1], E) be a subset with the following properties:
(a) {γ(j)(0) : γ ∈ Γ} is relatively compact in E for each j ∈ {0, 1, . . . , k−1};
(b) {γ(k)(t) : γ ∈ Γ} is relatively compact in E for each t ∈ [0, 1]; and
(c) {γ(k) : γ ∈ Γ} is an equicontinuous subset of C([0, 1], E).
Then Γ is relatively compact in Ck([0, 1], E).
Proof. The map
Φ: Ck([0, 1], E)→ Ek × C([0, 1], E)
with Φ(γ) := (γ(0), . . . , γ(k−1)(0), γ(k)) is an isomorphism of topological vec-
tor spaces. In view of (b) and (c), Ascoli’s Theorem shows that the set
{γ(k) : γ ∈ Γ} has compact closure K in C([0, 1], E). By (a), also the closure
Lj of {γ
(j)(0) : γ ∈ Γ} in E is compact, for all j ∈ {0, 1, . . . , k − 1}. Since
Φ(Γ) ⊆ L0 × · · · × Lk−1 ×K,
the set Φ(Γ) is relatively compact and hence so is Γ. ✷
The following lemma can be useful in proofs of regularity for Lie groups
modelled on locally convex direct limits.
Lemma 15.2 Let G be a Lie group, with Lie algebra g := L(G), and F ⊆ g
be a vector subspace, endowed with a locally convex vector topology (which
need not be induced by g). Let k,m ∈ N0 ∪ {∞}. If Evol(γ) exists for γ in
an open 0-neighbourhood W ⊆ Ck([0, 1], F ) and evol : W → G is Cm, then
Evol(γ) exists for all γ ∈ Ck([0, 1], F ) and evol : Ck([0, 1], F )→ G is Cm.
7For the proof of regularity of Diffω(M) in the sense of convenient differential calculus,
see already [27].
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Proof. After shrinking W , we may assume that
W = {γ ∈ Ck([0, 1], F ) : ‖γ‖p,Cℓ < 1}
for some ℓ ∈ N0 such that ℓ ≤ k and some continuous seminrom p on F .
Now the usual inductive argument (as in Lemma ?? or [5]) shows that Evol
is defined on 2nW for all n ∈ N0 and that evol : 2
nW → G is Cm. The
assertion follows since Ck([0, 1], F ) =
⋃
n∈N0
2nW . ✷
Lemma 15.3 Let E1 ⊆ E2 ⊆ · · · be Banach spaces such that the inclu-
sion map En → En+1 is a compact operator for each n ∈ N. Endow
E :=
⋃
n∈NEn = lim−→
En, with the locally convex direct limit topology. Let Y
be a topological space, k ∈ N0 and P1 ⊆ P2 ⊆ · · · be an ascending se-
quence of open convex 0-neighbourhoods Pn ⊆ C
k([0, 1], En), entailing that
P :=
⋃
n∈N Pn is an open 0-neighbourhood in C
k([0, 1], E). Let
f : P → Y
be a map such that f |Pn : Pn → Y is continuous with respect to the topology
induced by the Banach space Ck([0, 1], En) on Pn, for each n ∈ N. Then
f |P∩Ck+1([0,1],E) : P ∩ C
k+1([0, 1], E) → Y is continuous with respect to the
Ck+1-topology on P ∩ Ck+1([0, 1], E).
Proof. Being a Silva space, the locally convex direct limit E = lim
−→
En is
complete and compactly regular, i.e., every compact subset of E is contained
in En for some n ∈ N and compact also in En (see [9]). Hence, by Mu-
jica’s Theorem for Ck-curves [5, Lemma 1.2.7 (b)], we have Ck([0, 1], E) =
lim
−→
Ck([0, 1], En) and C
k+1([0, 1], E) = lim
−→
Ck+1([0, 1], En) as locally convex
spaces. In particular, this implies that P is indeed open in Ck([0, 1], E).
It suffices to show that f |P∩Ck+1([0,1],E) is continuous at 0. In fact, given x ∈ P
we may assume x ∈ P1 after passung to a cofinal subsequence. Then Pn − x
is a convex open 0-neighbourhood in Ck([0, 1], E) for each n ∈ N and if we
know that P −x→ Y , y 7→ f(x+ y) is continuous at 0, then f is continuous
at x.
Let U ⊆ Y be an open neighbourhood of f(0). Since f |P2 is continuous, P2
contains a closed 0-neighbourhood A1 ⊆ C
k([0, 1], E2) with f(A1) ⊆ U . As
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the incusion map Ck([0, 1], E1)→ C
k([0, 1], E2) is continuous linear, we find
r1 > 0 such that
W1 := {γ ∈ C
k([0, 1], E1) : ‖γ‖Ck([0,1],En) < r1} ⊆ A1.
The set
V1 := {γ ∈ C
k+1([0, 1], E1) : ‖γ‖Ck+1([0,1],En) < r1}
satisfies the hypotheses of Lemma 15.1 (recalling that the closure of BE1r1 (0)
in the Banach space E2 is compact). Therefore the closure V1 of V1 in
Ck([0, 1], E2) is compact. Moreover, V1 ⊆ A1 and thus f(V1) ⊆ U . Given
n ∈ N, assume that, for j ∈ {1, . . . , n}, open convex 0-neighbourhoods
Vj in C
k+1([0, 1], En) have been found such that the closure Vj of Vj in
Ck([0, 1], Ej+1) is compact, Vj ⊆ Pj+1, f(Vj) ⊆ U and V1 ⊆ V2 ⊆ · · · ⊆ Vn.
Since f |Pn+2 is continuous and f(Vn) ⊆ U , the preimage (f |Pn+2)
−1(U) is
an open subset of Ck([0, 1], En+2) which contains the compact set Vn. Using
[25, Theorem 4.10], we find a closed 0-neighbourhood An+1 in C
k([0, 1], En+2)
such that Vn + An+1 ⊆ (f |Pn+2)
−1(U) and thus
f(Vn + An+1) ⊆ U.
Note that Vn+An+1 is closed in C
k([0, 1], En+2). Let A
0
n+1 be the interior of
An+1 in C
k([0, 1], En+2). The map
h : Vn × C
k([0, 1], En+1)→ C
k([0, 1], En+2), h(γ, η) := γ + η
is continuous, entailing that there exists rn+1 > 0 such that γ+η ∈ Vn+A
0
n+1
for all γ ∈ Vn and η in the set
Wn+1 := {η ∈ C
k([0, 1], En+1) : ‖η‖Ck([0,1],En+1) < rn+1}.
As above, we see that
Sn+1 := {η ∈ C
k+1([0, 1], En+1) : ‖η‖Ck+1([0,1],En+1) < rn+1}
has compact closure Sn+1 in C
k([0, 1], En+2). Then
Vn+1 := Vn + Sn+1
is a convex open 0-neighbourhood in Ck+1([0, 1], En+1) with Vn ⊆ Vn+1 and
we have
Vn+1 = Vn + Sn+1 ⊆ Vn +Wn+1 ⊆ Vn +Wn+1 ⊆ Vn + An+1
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for the closures in Ck([0, 1], En+2). Hence Vn+1 ⊆ Pn+2 in particular and
f(Vn+1) ⊆ U . Then V :=
⋃
n∈N Vn is an open 0-neighbourhood in the locally
convex direct limit Ck+1([0, 1], E) = lim
−→
Ck+1([0, 1], En) such that f(V ) ⊆ U
and thus f |P∩Ck+1([0,1],E) is continuous at 0. ✷
Lemma 15.4 Let E1 ⊆ E2 ⊆ · · · be Banach spaces such that the inclu-
sion map En → En+1 is a compact operator for each n ∈ N. Endow
E :=
⋃
n∈NEn = lim−→
En, with the locally convex direct limit topology. Let
k ∈ N0, m ∈ N0 ∪ {∞}, Y be a C
m-manifold and P1 ⊆ P2 ⊆ · · · be an
ascending sequence of open convex 0-neighbourhoods Pn ⊆ C
k([0, 1], En), en-
tailing that P :=
⋃
n∈N Pn is an open 0-neighbourhood in C
k([0, 1], E). Let
f : P → Y
be a map such that f |Pn : Pn → Y is C
m with respect to the topology in-
duced by the Banach space Ck([0, 1], En) on Pn, for each n ∈ N. Then
f |P∩Ck+1([0,1],E) : P ∩ C
k+1([0, 1], E) → Y is Cm with respect to the Ck+1-
topology on P ∩ Ck+1([0, 1], E).
Proof. We may assume that m ∈ N0 and proceed by induction on m. The
case m = 0 is covered by Lemma 15.3. If m ≥ 1, then h := f |P∩Ck+1([0,1],E) is
continuous in particular. Moreover, the map
ω : (P ∩ Ck+1([0, 1], E))× Ck+1([0, 1], E)→ TY
which coincides with Tf |Pn on (Pn∩C
k+1([0, 1], E))×Ck+1([0, 1], E) is Cm−1
by the inductive hypothesis. If θ : [−ε, ε] → P ∩Ck+1([0, 1], E) is a C1-curve,
then there exists n ∈ N such that γ is a C1-curve to Ck+1([0, 1], En) (as follows
from compact regularity of E = lim
−→
En). After increasing n if necessary, we
may assume that γ([−ε, ε]) ⊆ Pn. As a consequence, h ◦ γ is a C
1-curve and
(h ◦ γ)′(t) = ω(γ(t), γ′(t)). Hence, by Lemma 7.1, h = f |P∩Ck+1([0,1],E) is C
1
with Th = ω a Cm−1-map and thus h = f |P∩Ck+1([0,1],E) is C
m. ✷
Proposition 15.5 Let G be a Lie group whose Lie algebra g := L(G) is a
Silva space. Assume that g = lim
−→
En for an ascending sequence E1 ⊆ E2 ⊆
· · · of Banach spaces such that the inclusion map En → En+1 is a compact
operator for each n ∈ N. Also assume the following:
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(a) For each n ∈ N, there is an open 0-neighbourhood Pn ⊆ C([0, 1], En)
such that an evolution Evol(γ) exists for each γ ∈ Pn and evol : Pn → G
is continuous with respect to the topology induced by the Banach space
C([0, 1], En) on Pn.
(b) There is a point-separating family (αj)j∈J of smooth group homomor-
phisms αj : G→ Hj to C
0-regular Lie groups Hj.
Then G is C1-regular and C0-semiregular. The same conclusion holds if evol
is replaced with the right evolution evolr in (a).
Proof. By Lemma 15.2, we may assume that Pn = C([0, 1], En) for each
n ∈ N. Thus each γ ∈
⋃
n∈N C([0, 1], En) = C([0, 1], g) has an evolu-
tion Evol(γ) and hence G is C0-semiregular. Lemma 15.3 applies to f :=
evol : C([0, 1], g)→ G, whence
evol |C1([0,1],g) : C
1([0, 1], g)→ G
is continuous. Use the same symbol, evol, for the latter restriction. Now the
variant of Theorem F indicated in Remark 7.4 shows that evol is smooth. If
Evolr(γ) exists for γ ∈ Pn and evol
r : Pn → G is continuous, then ... shows
that Evol(γ) = Evol(−γ)−1 exists for all γ ∈ −Pn and evol |Pn is continuous.
Now apply the above case. ✷
Proposition 15.6 Let G be a Lie group whose Lie algebra g := L(G) is
a Silva space. Assume that g = lim
−→
En for an ascending sequence E1 ⊆
E2 ⊆ · · · of Banach spaces such that the inclusion map En → En+1 is a
compact operator for each n ∈ N. Also assume that there is k ∈ N0 such
that, for each n ∈ N, there is an open 0-neighbourhood Pn ⊆ C
k([0, 1], En)
such that an evolution Evol(γ) exists for each γ ∈ Pn and evol : Pn → G is
C1 with respect to the topology induced by the Banach space Ck([0, 1], En) on
Pn. Then G is C
k+1-regular and Ck-semiregular. The same conclusion holds
if evol is replaced with the right evolution evolr.
Proof. By Lemma 15.2, we may assume that Pn = C
k([0, 1], En) for each
n ∈ N. Thus each γ ∈
⋃
n∈N C
k([0, 1], En) = C
k([0, 1], g) has an evolu-
tion Evol(γ) and hence G is Ck-semiregular. Lemma 15.4 applies to f :=
evol : Ck([0, 1], g)→ G, whence
evol |Ck+1([0,1],g) : C
k+1([0, 1], g)→ G
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is C1 and hence C∞ (by Theorem E). If Evolr(γ) exists for γ ∈ Pn and
evolr : Pn → G is C
1, then ... shows that Evol(γ) = Evol(−γ)−1 exists for all
γ ∈ −Pn and evol |Pn is C
1. Now apply the above case. ✷
Corollary 15.7 For each compact real-analytic manifold M , the Lie group
Diffω(M) is C1-regular.
Proof. The inclusion map α : Diffω(M) → Diff(M) into the C0-regular Lie
group Diff(M) of all smooth diffeomorphisms is a smooth group homomor-
phism, whence hypothesis (b) of Proposition 15.5 is satisfied. One can check
that also all other hypotheses are satisfied using right evolution map, and
hence the proposition applies. On the author’s request, further details will
be given in a later version of [8]. ✷
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